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MATHEMATICS AND NATURE 


Such symbols as 1, 2/3, 0, V7, V—1, a@+6i, a+bi+cj, taken in 
this order, may reasonably be regarded as indexing the most signifi- 
cant germinal phases in the historic development of number concepts. 
Ordered thus, they mirror in simple fashion the facts (1) that the growth 
of mathematics implies increasing generalization of its concepts, (2) the 
widening of the fields covered by its generalizations seems to render 
the concepts increasingly void of meaning in the domain of everyday 
reality. Millions of the objective-minded—represented by the house- 
keeper, the merchant, or the bank clerk—know the indispensable- 
ness of 1, 2/3, and even 0, or similar arithmetic symbols. Never-the- 
less, what banker or merchant or farmer has a use for ¥—1, or 
7-10V—1? 

But—and here is the heart of the present note—no process of the 
human mind can conceivably be more errorless in its logic than the 
mathematical generalization which has been examined and approved 
by a myriad of mathematicians and disapproved by none. 

(1) Alongside of this perfection of logical consistency in the 
mathematical generalization consider the following two truths: 

(2) Ina final analysis, the material of mathematics reduces to 
the logic of relationships, let these be of things real, things conceptual, 
or both. 

(3) Nature is a vast domain of real relationships. 

Then, noting the common factors of (1), (2), (3), should we be 
surprised that the flawless logic of relationships in mathematical pro- 
cesses should have counterparts in the logic of nature’s real relation- 
ships? 

Do we wonder that, while W—1 may have no value for the baker 
or the candlestick maker, a profound relationship of this imaginary 
unit to the domain of the “‘real’’ has made it valuable in electrical 
science? 

Need it astonish us that Riemann should have had the opinion 
that a science of physics could not have existed ‘‘before the invention 
of differential equations?’’ Should it be surprising that the quaternion, 
a+bi+cj+dk, a purely conceptual creation of W. R. Hamilton, should 
have become a valuable tool in physical investigations? 

Finally, what else but these common properties of the mathemati- 
cal processes and the processes of nature could account for the fruit- 
ful results of the application of the potential function to problems in 
electricity, magnetism, and gravitational attraction? 


S. T. SANDERS. 




















Concerning a Certain Web of Conic 


H. L. DORWART 
Washington and Jefferson College 


The three types of pencils (one-parameter families) of central 
conics whose semi-axes are the trigonometric ratios of the Pytha- 
gorean relations are illustrated by the following equations: 


x? y? y? x? 
(1) aig re ak ieee eee ’ 


-1 Me 1-2? 














which represents confocal conics with foci (0,+1). Ellipses are given 
by \=sec x or cosec x,* and hyperbolas by \ =sin é or cos &. 


(2 Pt oe a = i = —_— eeu 
4) 1—)? d? Nz YA?—-1 

















which represents conics touching the four lines x+y —1=0, x-—y+1=0, 
x+y+1=0, x—y-—1=0. Ellipses are given by \=sin 6 or cos 6 and 
hyperbolas by \=sec 6 or cosec 6, 

z* y 

3 ———  - = 1, 

) ?-1 ? 
This family of hyperbolas for \=sec & or cosec £ is neither confocal 
nor does it have a real envelope. Since 











limit —__—_——- =], 

A> @ yv2-1 
it has the property that its limiting member is an equilateral hyper- 
bola. However, the hyperbolas of (1) and (2) also have this property. 
A better description is in terms of related families. If we call hyper- 
bolas and ellipses having the same semi-axes associated conics, then 
associated with the ellipses touching four lines are the confocal hy- 
perbolas, while associated with the confocal ellipses are the hyperbolas 
touching four lines and the family (3). A further interesting con- 
nection between families (1) and (2) comes from the following. The 
locus of the poles of the line x+y—1=0 with respect to the different 
members of the confocal family (1) is easily shown to be x—y+1=0, 


*All angles are restricted to values between 0° and 90°. 














60 NATIONAL MATHEMATICS MAGAZINE 





and the locus of poles of x—y+1=0 is x+y—1=0. Likewise for 
x—y—1=0 and x+y+1=0. Hence these four lines are invariant 
(but not line-wise) under the pole and polar relationship with respect 
to the confocal conics 

These families are of course well known, although the specializa- 
tion of the parameter leads to some interesting geometrical construc- 
tions.* 

A fact that might not be guessed in advance is that the differential 
equations of which (1), (2) and (3) are the primitives are closely re- 
lated. They are 


(1’) p'xyt+( x?—y?+1)p—xy=0 
(2’) pexyt+(—x?—y? +1)p+xy=0 
(3’) p*xy+(—x?—y’?—1)p+xy=0, 


and each is reducible to a Clairaut equation by the substitutions 
(4) w=X, y=. 


Hence an examination of the conditions under which the differ- 
ential equation 


(9) p°xy+(Dx?+Ey?+F)p+Gxy =0 


reduces to a Clairaut equation for these substitutions, and a discussion 
of the resulting curves may be of some interest. 
Applying (4) to (5), one readily obtains 


XP?+-DXP+EYP+FP+GY=0, 
or, solving for Y, 
—P-—D FP 
———— PX —- ——_——__ . 
EP+G EP+G 
If E= —1 and G= —D, this reduces to the Clairaut equation 


FP 
P+D 


(6) Y= 


(7) Y=PX+ 





whose singular solution (envelope) is 
(8) (Dx? —y?+F)?+4Dx2y? =0, 


*See Families of Conics with Trigonometric Parameters by H. L. Dorwart. The 
Mathematics Teacher. 
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and whose general solution is 


(9) y? =Cx? enna 
C+D — 

Since (9) is of the second degree, it represents nothing more compli- 
cated than conics; but considering it as a web (three-parameter family), 
a rather careful analysis is necessary in order to determine the properties 
of its members. We note that C+D must be different from zero, and 
that F=0 or C=O causes the conics to degenerate into straight lines. 
For C <0, the conics are ellipses and for C>0 they are hyperbolas, the 
slopes of the asymptotes being + C. 

D=0 gives a net (two-parameter family) of conics through the 
points (0, + VF) for positive F, while for negative F the only real curves 
are hyperbolas with semi-conjugate axes equal to ~—F. The most 
interesting case for D>0 occurs when D=1, giving a net of confocal 
conics with foci at (0,+F) for F>0 and at (+\—F,0) for F<0. 
The differential equation (5) with E=—-—1 and D=—G=1, displays 
the well known fact that such a confocal family is self-orthogonal. 

Finally, suppose D<0. For F>0, (8) represents a real, non- 
degenerate envelope. Putting D=-—r7? and F=s?, this envelope is 
readily seen to be made up of the four lines rx —y+s =0, rx +y—s=0, 
mx+y+s=0, rx—y—s=0, and hence for this case we have the web 
of conics touching these four lines. For F <0, the only real curves are 
hyperbolas. For a fixed D, as C approaches |D|, the slopes of the 
asymptotes approach +/D. Hence these curves can be described as 
a net of hyperbolas, the slopes of whose asymptotes approach limiting 
values. 

Thus (9) is seen to be an equation of more than passing interest, 
representing as it does, for appropriate values of the constants, most 
of the common families of central conics. 





‘**Puzzles and paradoxes have been popular since antiquity, and in 
amusing themselves with these playthings men sharpened their wits and 
whetted their ingenuity. But it was not for amusement alone that Kepler, 
Pascal, Fermat, Leibniz, Euler, Lagrange, Hamilton, Cayley. and many 
others devoted so much time to puzzles. Researches in recreational 
mathematics sprang from the same desire to know, were guided by the 
same principles, and required the exercise of the same faculties as the 
researches leading to the most profound discoveries in mathematics and 
mathematical physics. Accordingly, no branch of intellectual activity 
is a more appropriate subject for discussion than puzzles and paradoxes.” 
—From Mathematics and the Imagination by Edward Kasner and James 
Newman. pp. 156-157. 








Comments Concerning 
“A Note on Observed Geometric Series” 
by A. B. Soble in the April, 1940 Issue. 


By WILLIAM DOWELL BATEN 
Michigan State College 


Let the predicting equation concerning cigarette production be 
as follows: 


M=MVi-n, (t=2,3,--+, 13). 


Then the best value of 7 according to the least squares method is 
1=13 


r= 2. Vi 1- 4 ai 


i=] 


= 643 .8346/537 . 7804 = 1.1972. 
If the predicting equation is 
y¥i/7 =J1-15 
then the value of 7 according to the least squares method is 


r= Dye ~% VI1-1 


= 772 .4956/643 . 8346 = 1.1998. 
If the predicting equation is 
T=Yi/Yi-1 
then the best value of 7 according to the least squares method is 


r= a/12) (¥:/¥:-1) =13.9068/12 = 1. 1589. 


Sople’s value is 1.1814. 

Since this series of tobacco production figures is assumed to be a 
geometric series, the correct value of the ratio 7 is found by accumu- 
lating the 1901 production, 2.72, to the 1913 production 15.56 by the 
compound interest law. This is 


15.56=2.72 72, 




















A NOTE ON OBSERVED GEOMETRIC SERIES 63 


from which 7=1.1564. 


According to the definition of a geometric mean, the value of 7 is 
the average value for the period or the value which accumulates the 
first value in the series to the last value. The only one of the above 
values of 7 that will do this is the one obtained from the compound 
interest law. The 1913 figures obtained by accumulating 2.72 at the 


above rates are as follows: 
2.72(1.1972)!2 = 23.58 


2.72(1.1998)!? = 24.20 
2.72(1.1589)!? = 15.96 
2.72(1.1814)!?=20.11. 


It is interesting to note that the third or the value obtained from 
the arithmetic average of the ratios ¥;/y;1 comes, for these data, 
closer to the real result, 15.56, than any of the other values obtained 
by the least squares method. The values obtained by the least squares 
method are not the geometric mean of this series and should not be used 
as such. Sople’s method is interesting, however, it does not lead to a 


geometric mean in all cases. 





Dr. Charles William Berry assistant professor of mathematics in 
Columbia University, is scheduled to be at Lawrence College this fall as 
associate professor of mathematics. He succeeds Professor John Lymer, 
who is retiring after thirty-seven years of service on the Lawrence College 


faculty. —Reported by L. J. Adams. 





Four University of Chicago professors, two of them native Chi- 
cagoans, wi!l become professors emeritus today (October 1) on reaching 


the age of 65. 
The retiring professors. whose service on the University faculty 


totals 123 years are: 

Dr. Fred C. Koch, Frank P. Hixon distinguished service professor 
and chairman of the department of biochemistry, internationally recog- 
nized authority on hormones, enzymes, and vitamins. Under Dr. Koch’s 
direction Dr. L. C. McGee first isolated the male sex hormone. 

Dr. Gilbert A. Bliss, Martin A. Ryerson distinguished service pro- 
fessor and chairman of the department of mathematics, leader in the 
field of mathematical analysis and civilian ballistics aide during the first 
World War. 

Dr. Frederick S. Breed, associate professor of education and authori- 
ty on the theory of instruction. 

Dr. Franklin Bobbitt, professor of education and authority on educa- 


tion curriculums. 





Humanism ana History of Mathematics 


Edited by 
G. WALDO DUNNINGTON 


A History of American Mathematical 
Journals 


By BENJAMIN F. FINKEL 
Drury College 


(Continued from May, 1941, issue) 


Contents of Vol. VI, No. 1. 


An account of Cauchy’s “Calcul des Residus’’, by Chas. H. 
Kummell, Assistant U. S. Lake Survey, Detroit, Mich., pp. 1-9; On 
the Arithmetico-Geometrical Mean, by Prof. Edgar Frisby, U. S. 
Naval Observatory, Washington, D. C., pp. 10-14; The Summation 
of Series whose Coefficients form an Arithmetical Progression of any 
Order, by Prof. J. Scheffer, Mercersberg, Pa., pp. 14-16; Query, by 
E. Hancock, Elgin, IIll., p. 16; Solution of Problem 226, by W. W. 
Johnson, St. John’s College, Annapolis, Md., pp. 17-21; Answer to 
Query, p. 143, Vol. V, by George Eastwood, Saxonville, Mass., pp. 
22-23; Note on the Differentiation of Exponential and Trigonometrical 
Functions, by Artemas Martin, Erie, Pa., pp. 23-24; Evaluation of the 
Eulerian Integral, by Prof. E. J. Edmunds, New Orleans, La., p. 24; 
Solutions of Problems in No. 6, Vol. V, pp. 25-30; Nine Problems for 
Solution, p. 31. 


Contents of Vol. VI, No. 2. 


Stellar Parallax, by Professor Asaph Hall, Naval Observatory, 
Washington, D. C., pp. 33-40; An Account of Cauchy’s ‘‘Calcul des 
Residus”’, by Chas. H. Kummell, assistant U.S. Lake Survey, Detroit, 
Mich., (continued from p. 9), pp. 41-46; Solutions of Problems in No. 6, 
Vol. V; pp. 47-52 and p. 55; The Tangency Problems, by Professor 
Joseph H. Kershner, Mercersberg, Pa., p. 53; Correspondence. A letter 
from J. M. Arnold, Boston, Mass., Note by Professor M. L. Comstock, 
Galesburg, Ill., concerning a collection of demonstrations of the 47th 
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Prop. of the first Book of Euclid, in Runkle’s Math. Monthly, Vol. II, 
p. 45, p. 54; Solution of a Problem, by George Harville, Bonner, La., 
p. 56; Solutions of Problems in No. 1, pp. 56-63; Ten Problems for 
solution and two Queries, pp. 63-64. 


Contents of Vol. VI, No. 3. 


On the Development of [p+(1—))]° by E. L. DeForest, Water- 
town, Conn., pp. 65-73; General Rules for the Formation of Magic 
Squares, by Professor A. B. Nelson, Center College, Danville, Ky., 
pp. 73-81; General Solution of Problem, p. 143, Vol. V, by E. B. 
Seitz, Greenville, Ohio, pp. 81-83; Solution of Problem 247, by E. B. 
Seitz, pp. 82-83; Demonstration of a Proposition, by the Editor, pp. 
83-84; Answer to Query 1, page 64, by Professor D. J. McAdam, 
Washington, Pa., pp. 85-86; Solution of the Problem proposed by 
Mr. Harvill at the close of his Solution, p. 56, by the Editor, pp. 86-87; 
Solutions of Problems in No. 2, pp. 88-95; Seven Problems proposed 


for Solution, pp. 95-96. 
Contents of Vol. VI, No. 4. 


Reduction of Observation Equations which contain more than 
one observed quantity, by Chas. H. Kummell, assistant U. S. Lake 
Survey, Detroit, Mich., pp. 97-105; Symmetrical Functions of the Sines 
of the Angles Included in the Expression 


_ Qke 
ee, 
n 


by Professor W. W. Johnson, Annapolis, Md., pp. 105-107; Curve of 
Pursuit Generalized, by Professor L. G. Barbour, Richmond, Ky., 
pp. 108-112; Solution of a Problem, by R. J. Adcock, Monmouth, III, 
pp. 113-114; Solution of a Problem, by Professor C. M. Woodward, 
Washington University, St. Louis, Mo., pp. 114-115; Solution of Prob- 
lem 255, by Professor W. W. Hendrickson, Naval Academy, Annapolis, 
Md., pp. 115-116; Computation of the Cube Root of 2, by Artemas 
Martin, Ed. of the Math. Visitor, Erie, Pa., p. 117; On the Trisection 
of an Angle, by Prof. J. Scheffer, Mercersburg College, Penn., pp. 
117-119; Note on the Catenary, by Professor W. W. Johnson, pp. 
119-120; Solutions of Problems in No. 3, pp. 120-127; Ten Problems and 
one Query proposed for Solution, pp. 127-128. 


Conients of Vol. VI, No. 5. 


The Motion ofa Satellite, by Professor Asaph Hall, Naval Observa- 
tory, Washington, D. C., pp. 129-139; On Unsymmetrical Adjustments, 














66 NATIONAL MATHEMATICS MAGAZINE 
and their Limits, by E. L. DeForest, A. M., Watertown, Conn., pp. 140- 
148; Remarks on the Resolution in Integers of the Equation 


X(X+1)(X+2)---- (X+N)=Y?, 


and Solution of Problem 262, Translated from ‘‘Nouvelles Annales 
de Mathematiques’’, First Series, Vol.XIX, by Professor Asher B. 
Evans, Lockport, N. Y., pp. 149-150; Demonstrations of a Proposition 
(see Query, p. 55), by R. J. Adcock, Monmouth, IIl., p. 151; Note on 
the Solution of Problem 260, by the Editor, pp. 151-152; Solution of 
Problems in No. 4, pp. 152-159; Five Problems proposed for Solution 
p. 159-160. Pages 153 to 160 are wrongly numbered 253 to 260. 


Contents of Vol. VI, No. 6. 


On Unsymmetrical Adjustments, and their Limits, by E. L. De- 
Forest, (continued from page 148), pp. 161-170; On a Theorem of 
Lambert’s, by Professo- Asaph Hall, Naval Observatory, Washington, 
D. C., pp. 171-173; An Account of Cauchy’s ‘“‘Calcul des Residus”’, 
by Chas. H. Kummell, assistant U. S. Lake Survey, Detroit, Mich., 
pp. 173-176; Solution of the General Case of Problem 87, Math. Visitor, 
No. 2, by Prof. Wm. Woolsey Johnson, Annapolis, Md., pp. 177-180; 
Note on a Form of the Equation of the Tangent to a Conic, by Prof. 
W. W. Hendrickson, U. S. Naval Adacemy, p. 180; Problem Relative 
to the Move of the Knight at the Game of Chess, by T. P. Stowell, 
Rochester, N. Y., pp. 181-182; Solutions of Problems in No. 5, pp. 
182; J. M. Arnold’s Remark on Problem 258, pp. 182-183; Corres- 
pondence.—Editor Analyst: In reference to Problem 258. Further 
Remarks on the Solution of Problem 260, by the Editor, pp. 183-184; 
Solutions of Problems in No. 5, pp. 184-189; Nine Problems for Solu- 
tion, pp. 190-191; An Announcement by the Editor in which he states 
that he has not been able to make any great improvement in the 
mechanical execution, yet in respect to its subject-matter, he believes 
that the Analyst has not deteriorated in the late volumes, but rather, on 
the other hand, it has steadily improved. In view of the fact that his 
ablest contributors expressed a desire that its publication be continued, 
he took pleasure in announcing that definite arrangements had been 
made for the publication of Vol. VII, and that if his health prmitted, 
he hoped and expected to be able to publish other additional volumes, 
p. 191-192; Alphabetical Index, the two last pages, unnumber, of Vol. VI. 


Contents of Vol. VII, No. 1. 


On Unsymmetrical Adjustments, and their Limits, by E. L. De- 
Forest, pp. 1-9; On the Variation in the Length of the Day, by Professor 
Daniel Kirkwood, pp. 9-10; Quaternions, by Professor DeVolson 
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Wood, Hoboken, N. J., pp. 11-13; Determination of a Sphere, which 
cuts Five Given Spheres at the same Angle, by Dr. Thomas Craig, 
Washington, D. C., pp. 13-16; The Prunoid or Plum Curve, by 
Professor L. G. Barbour, Richmond, Ky., pp. 17-22; Extension of the 
Method of Least Squares toany number of Variables, by R. J. Adcock, 
Roseville, Ill.; Demonstration of the Cissoid, by James Simmons, 
Jr., Beloit, Wisconsin, p. 23; Solution of Problems in No. 6, Vol. VI, 
pp. 24-30; Seven Problems for Solution, p. 31. 


Contents of Vol. VII, No. 2. 


Quaternions, by Professor De Volson Wood, (continued from p. 13), 
pp. 33-38; On Some Properties of Polynomials, by E. L. DeForest, 
M. A., Watertown, Conn., pp. 39-46; On the Quadrature of Curves 
and the Cubature of Solids by Means of Infinite Series, by Professor D. 
Trowbridge, A. M., Waterburgh, N. Y., pp. 47-51; Origin of the Name 
“Quaternions”’, by Professor W. W. Johnson, Annapolis, Md., p. 52; 
Note on Schulenburg’s Solution of the General Equation of the Fifth 
Degree, by W. E. Heal, Wheeling, Ind., p. 53; Formula for Force of 
Mortality, by E. L. DeForest, p. 54; Correspondence Relative to 
Problem 286, by Walter Siverly, pp. 54-55; Note on the Computation 
of z, by Professor J. Scheffer, p. 55; Solution of Problem 120, (Vol. 
III, p. 132), by George H. Harvill, Bonner, La., pp. 56-58; Solutions 
of Problems in No. 1, pp. 58-62; Thirteen Problems proposed for Solu- 
tion, pp. 63-64. 


Contents of Vol. VII, No. 3. 


Quaternions, by Professor De Volson Wood, Hoboken, N. J., (con- 
tinued from p. 38), pp. 65-71; Determination of the Area of an Ellipse 
Geometrically, that of a Circle being known, by Octavian L. Mathiot, 
Baltimore, Md., p. 72; On Some Properties of Polynomials, by E. L. 
DeForest (continued from p. 46), pp. 73-82; Parallel Chords in an 
Ellipse, by Professor Asaph Hall, pp. 82-83; Proof of Some Remarkable 
Relations in the Method of Least Squares, by Chas. H. Kummell, 
assistant U. S. Lake Survey, Detroit, Mich., pp. 84-88; Curves of 
Pursuit, by Jas. M. Ingalls, 1st Lieut., lst Art’y, U.S. A., Ft. Trumbull, 
Conn., pp. 89-96; Solutions of Problems in No. 2, pp. 97-103; Four 
Problems for Solution, p. 103; Editorial Notes, p. 104. 


Contents of Vol. VII, No. 4. 


On Some Properties of Polynomials, (continued from page 82), 
by E. L. DeForest, pp. 107-115; Solution of a Special Case of Problem 
288, where the Circles are Tangent at the Same Point of AB, by Pro- 
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fessor W. W. Beman, Ann Arbor, Mich., pp. 115-116; Solution of a 
Problem in Curves of Pursuit, by Lieut. James M. Ingalls, Ft. Trum- 
bull, New London, Conn., pp. 117-118; Mr. Glaisher’s Enumeration 
of Primes, communicated by Professor Johnson, pp. 118-119; Geometri- 
cal Solution of Problem 126, (p. 188, Vol. III,) by Professor W. P. 
Casey, San Francisco, Cal., p. 120; Quaternions, by Professor De 
Volson Wood, Hoboken, N. J., (continued from page 71), pp. 121-128; 
A Fourth Proportional, by Jesse Applegate, Yoncalla, Oregon, pp. 
128-129; Solutions of Problems in No. 2, continued from page 103, 
pp. 129-132; Solutions of Problems in No. 3, pp. 132-135; Seven Prob- 
lems for Solution, pp. 135-136. 


Contents of Vol. VII, No. 5. 


Mechanics of Quaternions, by Professor E. W. Hyde, University 
of Cincinnati, pp. 137-144; A General Solution of Problem 292, by 
Chas. H. Kummell, U. S. Lake Survey, Detroit, Mich., pp. 145-147; 
The Nine-Line Conic, by Miss Christine Ladd, Baltimore, Maryland, 
pp. 147-149; A Quasi Proof of the Arithmetical Mean, by Ormond 
Stone, pp. 150-151; Correspondence between Alex. S. Christie and 
the Editor concerning certain Criticisms on Professor Wood’s Article 
on Quaternions, (p. 121), p. 151; Introduction to Differentiation, by 
John Macnie, A. M., Easton, Conn., pp. 152-153; On the Phenomena 
of the Tides, by Professor Elias Schneider, Milton, Pa., pp. 154-157; 
Proof of a Proposition in Solid Geometry, by Professor E. W. Hyde, 
University of Cincinnati, pp. 157-158; Solution of a Problem, by 
George Eastwood, Saxonville, Mass., pp. 158-160; Solution of a Prob- 
lem, by William Hoover, superintendent of schools, Wapakoneta, O., 
p. 160; Solution of Problem 282, with condition (3) changed, by Chas. 
H. Kummell, U. S. Lake Survey, pp. 160-161; Answers to Queries No. 
4, pp. 161-163; Solutions of Problems in No. 4, pp. 164-167; Five Prob- 
lems for Solution, pp. 167-168. 


Contents of Vol. VII, No. 6. 


On a Theorem in Probability, by E. L. de Forest, Watertown, 
Conn., pp. 169-176; Mechanics by Quaternions, by Professor E. W. 
Hyde, University of Cincinnati, pp. 177-184; Criticisms, by Alex. S. 
Christie, U. S. Coast and Geodetic Survey, Washington, D. C., pp. 
185-188; Experimental Determination of the Constant in the Formula 
for Probable Error, by R. J. Adcock, Roseville, IIll., pp. 189; New 
Demonstration of the Binomial Theorem, by John Macnie, A. M., 
Easton, Conn., pp. 190-193; Solutions of Problems in No. 5, pp. 193-198; 
Seven Problems for Solution, p. 199; Announcement of Vol. VIII, by 
the Editor. The Editor has this to say: As the number of persons 
in this country, who are able and willing to devote time and money 
to the Cultivation of Mathematics as a Science, is comparatively 
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small, and as the Analyst depends entirely upon its subscribers for the 
pecuniary aid necessary for its production, and for voluntary contri- 
butions to fill its pages, it was scarcely to be expected that it would 
survive to the age it has already attained. 

It has been our intention from its birth, as we have heretofore 
stated to our subscribers, to continue the Analyst as long as our health 
will permit and the interest in it, manifested by its readers, continues 
unabated. We are, therefore, pleased to be able to say that, so far as 
we can judge at present, the Analyst will survive yet several years; 
and as we trust it has been of some service in promoting the cultivation 
of the science of mathematics, which is the key to all the other sciences, 
we hope the interest and support of our subscribers will continue 
unabated. 

The Nos. of Vol. VIII shall appear promptly as they are due, 
No. 1, about the first of January, 1881, pp. 199-200. 


Contents of Vol. VIII, No. 1. 


On the Limit of Planetary Stability, by Professor Daniel Kirk- 
wood, pp. 1-3; Law of Facility of Errors in two Dimensions, by E. L. De- 
Forest, Watertown, Conn., pp. 3-9; Reply to “‘Criticisms,’’ by Professor 
De Volson Wood, Hoboken, N. J., pp. 10-16; By Request. A Conical 
Haystack, altitude a and radius of base 7, is to be divided horizontally 
into three equal parts, by weight; if the density of horizontal strata, is 
everywhere proportional to their distance from the vertex, what must 
be the vertical height of each part, p. 16; Mechanics by Quaternions, 
by Professor E. W. Hyde, University of Cincinnati, pp. 17-24; Solutions 
of Problems in No. 6, Vol. VII, pp. 25-30; Eight Problems for Solu- 
tion, p. 31; Note of Thanks from the Editor, p. 32. 


Contents of Vol. VIII, No. 2. 


Notes on the Theories of Jupiter and Saturn, by G. W. Hill, 
Nautical Almanac Office, Washington, D. C., pp. 33-40; Law of Facili- 
ty of Errors in Two Dimensions, by E. L. DeForest, (continued from 
page 9), p. 41-48; Mechanics by Quaternions, by Professor E. W. Hyde, 
University of Cincinnati, (continued from p. 24), pp. 49-55; The Moons 
of Mars, and the Nebular Hypothesis, by Pliny Earle Chase, LL.D., 
pp. 56-58; Note on Professor Hall’s Que y in Vol. VII, No. V, by 
Professor H. T. Eddy, pp. 57-58; Answer to Query, p. 16, by H. Heaton, 
Perry, Iowa, p. 58; Note on Reply to Criticisms, p. 10) by Editor, p. 
58; Solution of Problem 331, by W. E. Heal, p. 58; Solutions of 
Problems in No. 1, pp. 59-62; Seven Problems for Solution and one 
Query, pp. 62-63; Determination of a Meridian, by W. L. Marcy, 
U. S. Dept. Min’l Surveyor, Leadville, Col., pp. 63-72. 
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Contents of Vol. VIII, No. 3. 


Law of Facility of Errors in two Dimensions, by E. L. DeForest, 
(continued from page 48), pp. 73-82; Note on Gauss’ Theoria Motus, 
by Professor Asaph Hall, pp. 83-88; Notes on Theories of Jupiter and 
Saturn, by G. W. Hill, Nautical Almanac Office, Washington, D. C., 
(continued from p. 40), pp. 89-93; Some Relations Deduced from 
Euler’s Theorem on the Curvature of Surfaces, by Chas. H. Kummell, 
U.S. Coast and Geodetic Survey, Washington, D. C., pp. 93-95; A Brief 
Account of the Essential Features of Grassmann’s Extensive Algebra, 
translated by Professor W. W. Beman, Ann Arbor, Mich., pp. 96-97; 
Note on Professor Hall’s Query in Vol. VII, No. 4, by Professor Or- 
mond Stone, p. 98; Note by Professor E. B. Seitz; Answer to Query, 
by W. E. Heal, p. 98; Solution of Problem 338, by Ormond Stone, 
p. 98; Solutions of Problems in No. 2,pp. 99-102; Nine Problems 
for Solution two Queries, and a Note by William Hoover, p. 103-104. 


Contents of Vol. VIII, No. 4. 


An investigation of the Mathematical Relations of Zero and 
Infinity, by Prof. C. H. Judson, Greenville, S. C., pp. 105-113; A Brief 
Account of the Essential Features of Grassmann’s Extensive Algebra, 
translated by W. W. Beman, Ann Arbor, Mich., (continued from p. 97), 
pp. 114-124; Geometrical Determination of the Solidity of the Ellip- 
soid, by Octavian L. Mathoit, Baltimore, Md., pp. 124-126; General 
Solution of the Problem of Any Number of Bodies, by R. J. Adcock, 
Roseville, Ill., pp. 126-129; Solutions of Problems, pp. 129-135; Four 
Problems for Solution, one Query and a Note by Professor Casey, pp. 
135-136. 


Contents of Vol. VIII, No. 5. 


On the Elementary Theory of Errors, by E. L. DeForest, pp. 
137-148; A Demonstration of Maclaurin’s Theorem, by J. S. Hayes, 
Henderson, Ky., pp. 149-154; Some Examples of a New Method of 
Solving Differential Equations of the Second Order, compiled by 
George Eastwood, Saxonville, Mass., pp. 154-160; Solution of Problems 
353 and 354, in No. 3;Solutions of Problems in No. 4, pp. 162-166; 
Eight Problems for Solution, p. 167. 


Contents of Vol. VIII, No. 6. 


Note on a Specia! Symmetrical Determinant, by Thomas Muir, 
M. A., F. R. S. E., Beechcroft, Scotland, pp. 169-171; The Bitangential, 
by William E. Heal, Marion, Ind., pp. 171-172; On the Ratio of the 
Area of a Given Triangle to that of an Inscribed Triangle, by Professor 
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J. Scheffer, Harrisburg, Pa., pp. 173-174; Five Geometrical Proposi- 
tions, by Professor Elias Schneider, Milton, Pa., pp. 174-175; New 
Demonstration of Prop. K, Eucl., by W. H. West, Ex-Supreme Judge 
of Ohio, p. 176; The Secular Displacement of the Orbit of a Satellite, 
by Professor Asaph Hall, pp. 177-187; Centrifugal Tides, by Professor 
Asaph Hall, pp. 188-189; Pliny E. Chase in Correspondence with the 
Editor as to the Evidence of the Conversion of Gravitation into 
Heat and Electricity, pp. 189-190; R. J. Adcock’s Objection to a 
Correction of his Solution of Problem 352, p. 191; Infinite Series, 
by Professor L. G. Barbour, Richmond, Ky., pp. 191-192; Solutions 
of Problems in No. 5, Vol. VIII, pp. 193-198; Seven Problems pro- 
posed for Solution, pp. 198-199; An Announcement by the Editor: As 
this Number completes the 8th annual volume of the Analyst, we are 
pleased to say to our readers that we have no thought of abandon- 
ing the publication, so long as we continue to receive the support and 
encouragement of the many able mathematicians who give character 
to our publication by heir contributions to its pages. 

The publication of the Analyst was commenced with no exalted 
expectation of its success, as the history of like publications in this 
country attests the difficulty of sustaining a periodical devoted ex- 
clusively to serve and exact scientific research. 

It is therefore with some degree of gratification that we are able 
to state that the publication has been thus far conducted without 
pecuniary loss. 

Though our subscription list is not large yet an examination of 
the published volumes will show that we number among our contrib- 
utors many of the ablest mathematicians and astronomers in America, 
besides several eminent Europeans. And it is with considerable 
satisfaction that we have been able to present to our readers eight 
annual volumes made wholly of original contributions, with a few 
translations. For this we take no praise to ourselves but freely acknowl- 
age our indebtedness to our learned and liberal subscribers. 

We shall commence the ninth volume of the Analyst, therefore, 
with confidence that the friends who have thus far stood by us will 
continue their partonage and support, and that new names will be 
added to our list of subscribers and contributors to Vol. IX, pp. 199-200. 


Contents of Vol. IX, No. 1. 


A General Algebraic Method for the Solution of Equations, by 
T. S. E. Dixon, Esq., Chicago, IIl., pp. 1-8; Zero and Infinity, Illustra- 
tions by Professor C. H. Judson, Greenville, S. C., pp. 9-11; A De- 
monstration of Maclaurin’s Theorem, (continued from page 154, 
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Vol. VIII), by J. S. Hayes, pp. 12-14; Note on Direction, by T. M. 
Blakeslee, Ph.D., Professor of Math., Des Moines University, pp. 15-16; 
On the Computation of Eccentric Anomaly from the Mean Anomaly 
of a Planet, by Dr. J. Morrison, Nautical Almanac Office, Washington, 
D. C., pp. 17-19; Plane Trigonometry by Quaternions, by De Volson 
Wood, Hoboken, N. J., pp. 19-21;Representation of the Moon’s Path 
Along the Line of the Earth’s Orbit, by Octavian L. Mathoit, Balti- 
more, Md., p. 22; Problem 357, (p. 135, Vol. VIII) ; Solution by Professor 
De Volson Wood, Hoboken, N. J., pp. 22-25; Note on Professor Casey’s 
Treatment of Problem 361, by Professor E. W. Hyde, pp. 25-26; 
Note on the Solution of Problem 363, by Prof. W. W. Johnson, p. 26. 
Another Solution of Problem 365, by Prof. Asaph Hall, p. 26; Solu- 
tions of Problems in No. 6, Vol. VIII, pp. 26-31; Twelve Problems for 
Solution, pp. 31-32. 


Contents of Vol. IX, No. 2. 


Law of Error in the Position of a Point in Space, by E. L. De- 
Forest, Watertown, Conn., pp. 33-40; Review of ‘“Theory of the Moon’s 
Motion Deduced from the Law of Universal Gravitation by John N. 
Stockweel, Ph.D.,” by G. W. Hill, Nautical Almanac Office, Washing- 
ton, D. C., pp. 41-47; Note on Problem 374, by Professor Asaph Hall; 
Planetary Mass and Vis Viva, by Pliny Earle Chase, LL.D., pp. 48-51; 
Note on Direction, by Professor T. M. Blakeslee, (continued from 
p. 16), pp. 51-52; Correspondence in which E. T. Quimby questions 
some of Professor Judson’s argument in his Investigation of the 
Mathematical Relations of Zero and Infinity, (page 105, No. 4, Vol. 
VIII), p. 53; also Correspondence by Dr. H. Eggers, p. 53; Also Corres- 
pondence by T. S. E. Dixon on his article, Solution of Equations, p. 
55; Solution of Problem 393, by R. J. Adcock, pp. 55-66; Note on the 
Solution of Problem 374, by R. S. Woodward, p. 57; Note on the Solu- 
tion of 372, by Professor De Volson Wood, p. 57; Solutions of Prob- 
lems in No. 1, Vol. IX, pp. 58-63; Five Problems proposed for Solu- 
tion and one Query, pp. 63-64. 


Contents of Vol. IX, No. 3. 


Law of Error in the Position of a Point in Space, by E. L. De- 
Forest, (continued from page 40), pp. 65-74; On the Computation of 
Probable Errors, by T. W. Wright, U. S. Lake Survey, Detroit, Mich., 
pp. 74-78; Limits, by Professor De Volson Wood, Hoboken, N. J., 
pp. 79-81; On Mr. Hill’s Review of Theory of Moon’s Motion, by 
John N. Stockwell, pp. 82-90; Note by the Editor in which he defends 
Professor Newcomb’s Argument in his Algebra, against a criticism by 
Professor Wood in Professor Wood’s article on Limits, p. 90; Inte- 
gration of two Differential Forms, by Ferdinand Shack, Esq., New 
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York City, p. 91; Note on the Solution of Problem 373, p. 91; Solutions 
of Problems in No. 2, pp. 92-94; Nine Problems for Solution and one 


Query, pp. 95-96. 
Contents of Vol. IX, No. 4. 


Complementary Division, by Levi W. Meech, A. M., pp. 97-103; 
On the Solutions of Equations, by Joseph B. Mott, Esq., Worthington, 
Minn., pp. 104-106; Geometrical Determination of the Area of the 
Parabola, by Octavian L. Mathoit, Baltimore, Md., pp. 106-110; 
Integration of the General Equation of Motion, by Dr. J. Morrison, 
Nautical Almanac Office, Washington, D. C., pp. 110-112; Corres- 
pondence between De Volson Wood and the Editor concerning a state- 
ment made in Newcomb’s Algebra, p. 113; Remarks on the Doctrine 
of Limits, by Professor Simon Newcomb, pp. 114-118; A Pendulum 
Whose Time of Oscillation is Independent of the Position of its Centre 
of Gravity, by R. J. Adcock, Roseville, IIll., p. 119; Table of Square 
and Cube Roots, by J. M. Boorman, Esq., New York City, p. 120; 
Solution of Problems in No. 3, pp. 121-127; Eight Problems for Solu- 


tion, pp. 127-128. 
Contents of Vol. IX, No. 5. 


The Density of the Earth, by Professor Asaph Hall, pp. 129-132; 
Mr. Glaisher’s Enumeration of Primes for the First Nine Millions, 
by Professor W. W. Johnson, pp. 133-134; On An Unsymmetrical 
Probability Curve, by E. L. DeForest, Watertown, Conn., pp. 135-142; 
On the Actual and Probable Errors of Interpolated Values Derived 
from Numerical Tables by Means of First Differences, by R. S. Wood- 
ward, C. E., pp. 143-149; A Singular Value of z, by J. W. Nicholson, 
Louisiana State University, Baton Rouge, La., p. 150; Answer to 
Professor Scheffer’s Query, (p. 31, Vol. VIII), by C. B. Seymour, at- 
torney at law, Louisiville, Ky., pp. 150-151; Correspondence to the 
Editor by De Volson Wood’s argument between him and Professor 
Newcomb on Professor Newcomb’s article on Limits. The argument 
was carried on with some warmth but without bitterness. F. p. 152; 
Solution of Problem 397, by J. M. Rice, Problem 396, selected by 
Professor H. T. Eddy, solution by Professor Asaph Hall, p. 153; 
Solutions of Problems in No. 4, pp. 154-159; Nine Problems proposed 


for Solution, pp. 159-160. 
Contents of Vol. IX, No. 6. 


On an Unsymmetrical Probability Curve, by E. L. DeForest, 
(continued from page 142), pp. 161-168; On the Actual and Probable 
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Errors of Interpolated Values Derived from Numerical Tables by 
Means of First Differences, by R. S. Woodward, C. E., (continued 
from page 149), pp. 169-175; Note on Professor Nicholson’s Singular 
Value of x, by Professor W. W. Johnson, p. 176; Note on Experimental 
Confirmation of Theoretical Deduction, by the Editor, pp. 176-177; 
Integration of Some General Classes of Trigonometric Functions, by 
Professor P. H. Philbrick, Iowa State University, Iowa City, pp. 
177-180; On a New Curve for the Trisection of an Angle, by Dr. 
William Hillhouse, pp. 181-185; New Notation for Anharmonic Ratios, 
by Professor William Woolsey Johnson, pp. 185-189; Solutions of 
Problems in No. 5, Vol. IX, pp. 189-195; Five Problems proposed for 
Solution, p. 195; Announcement of Vol. X, in which the Editor again 
renews his promise to continue the publication of the Analyst as long 
as his health permits and the interest of his subscribers is manifested 
by appropriate contributions to its pages, p. 196. 


Contents of Vol. X, No. 1. 


On an Unsymmetrical Probability Curve, by E. L. DeForest, 
pp. 1-7; Note on the Transformation of a Determinant into any other 
Equivalent Determinant, by Thomas Muir, M. A., F. R. S. E., pp. 
8-9; Integration of Some General Classes of Trigonometric Functions, 
(continued from p. 180, Vol. IX), by Professor P. H. Philbrick, Iowa 
State University, Iowa City, pp. 9-14; On the Lunar and Planetary 
Theories, by John N. Stockwell, pp. 15-24; Calculation of Transit of 
Venus, by Professor Barbour, pp. 25-27; Solutions of Problems in 
Number 6, Vol. IX, pp. 27-31; Five Problems for Solution, p. 31. 


Contents of Vol. X, No. 2. 


On the Application of the Method of Least Squares to the Re- 
duction of Comparisons of Line-measures and the Calibration of Ther- 
mometers, by T. W. Wright, B. A., C. E., Detroit, Mich., pp. 33-41; 
The Multisections of Angles, by Professor J. W. Nicholson, A. M., 
Louisiana State University, Baton Rouge, La., pp. 41-43; Correspon- 
dence, to the Editor, pp. 44-46; Geometrical Determination of the 
Solidity of the Parabola, by Octavian L. Mathoit, Baltimore, Md., 
pp. 46-48; On the Volume of Some Solids, from Journal de Mathematiques 
translated by William Hoover, A. M., Dayton, Ohio, pp. 49-50; Note 
on Biliniar Tangential Coordinates, by Professor F. H. Loud, Colorado 
Springs, Colorado, pp. 50-53; A New and Useful Formula for Inte- 
grating Certain Differentials, by Professor J. W. Nicholson, A. M., Baton 
Rouge, La., pp. 53-55; Solution of Problem 334, by W. E. Heal, pp. 
55-56; Note on an Indeterminate Equation, by Wm. Hoover, p. 56; 
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Differentiation of F(x) =Log (x), by Professor James G. Clark, Liberty, 
Mo., p. 57; Solutions of Problems in No. 1, pp. 57-63; Nine Problems 
proposed for Solution, pp. 63-64. 


Contents of Vol. X, No. 3. 


Kepler’s Problem, by Professor Asaph Hall, Naval Observatory, 
Washington, D. C., pp. 65-66; On an Unsymmetrical Probability Curve 
(second paper), by E. L. DeForest, pp. 67-74; Correspondence: C. H. 
Judson to the Editor, pp. 74-75; Correction of an Error in Bartlett’s 
Mechanics, by William Woolsey Johnson, p. 75; Note on Anharmonic 
Ratios, by Professor William Woolsey Johnson, pp. 76-80; Integration 
by Auxiliary Integrals, by Werner A. Stille, Ph.D., Highland, IIL., 
pp. 81-88; New Rule for Cube Root, by J. B. Mott, Worthington, 
Minnesota, pp. 89-90; Differentiation of the Logarithm of a Variable, 
by Professor Laban E. Warren, Colby University, Waterville, Me., 
p. 90; Solutions of Problems in No. 2, pp. 90-95; Four Problems pro- 


posed for Solution, pp. 95-96. 
Contents of Vol. X, No. 4. 


A Method of Demonstrating Certain Properties of Polynomials, 
by E. L. DeForest, Watertown, Conn., pp. 97-105; Correspondence to 
the Editor from Wm. Woolsey Johnson, pp. 105-107; to the Editor 
from De Volson Wood, p. 107; Integration by Auxiliary Integrals 
(continued from page 88), by Werner A. Stille, Ph.D., Highland, IIl., 
pp. 108-114; Cubic Equations, by Professor L. G. Barbour, Richmond, 
Ky., pp. 115-120; Another Solution of Problem 435, by R. D. Adcock, 
pp. 120-121; Reconsideration of Solution of Problem 239 (p. 48, VI), 
by Chas. H. Kummell, U. S. Coast Survey, Washington, D. C., pp. 
121-123; Solution of Problem 436, by W. W. Beman, p. 123; Solutions 
of Problems in No. 3, pp. 124-127; Four Problems for Solution, pp. 


127-128. 
Contents of Vol. X, No. 5. 


Circular Coordinates, by Professor William Woolsey Johnson, 
pp. 129-134; On the Divisibility or Non-divisibility of Numbers by 
Seven, by Alexander Evans, Esq., Elkton, Maryland, pp. 134-135; 
Differentiation of Exponential and Logarithmic Functions, by William 
T. Jordan, Waterville, Maine, p. 136; Integration by Auxiliary 
Integrals (continued from page 114), by Werner A. Stille, Ph.D., 
Highland, IIl., pp. 137 139; Law of Random Errors, by R. J. Adcock, 
Roseville, Illinois, pp. 140-141; Solution of a Problem, by Marcus 
Baker, Director of U. S. Magnetic Obs., Los Angeles, Cal., pp. 141-142; 








76 NATIONAL MATHEMATICS MAGAZINE 


Demonstration of the Theorem of Apollonius and its Reciprocal, by 
W. E. Heal, p. 142; An Easy Method of Computing Logarithms to 
Many Decimal Places, by Werner A. Stille, Ph.D., Highland, Illinois, 
pp. 143-144; On the effect of the Earth’s Rotation on Bodies Moving 
on its Surface, by the Editor, pp. 145-147; Auroral and Magnetic 
Periods, Republished from the Scientific American of November 12, 
1870, J. E. Hendricks, pp. 148-149; Proposition, by R. J. Adcock, 
p. 149; Dividing Land, by Professor L. G. Barbour, Richmond, Ken- 
tucky, p. 150; Demonstration of a Proposition, by P. F. Mange, Alamos 
Sonora, Mexico, p. 151-152; The Multisection of Angles, by Geo.H. 
Johnson, B. S., Cornell University, p. 153; Another Solution of Prob- 
lem 434, by Professor E. B. Seitz, p. 153; Solution of Problems in No. 
4, pp. 154-158; Correspondence between the Editor and D. M. Knapen, 
p. 159. 


Announcement. We regret to have to inform our readers 
that we have concluded to discontinue the publication of the Analyst 
on the completion of Vol. X. This determination has not been induced 
by any lack of interest in the publication manifested by our subscribers 
or contributors, most of whom have generously stood by us and assisted 
us during the whole of the ten years life of our publication, but wholly 
on account of our declining health. In taking leave of our contributors 
and subscribers, we do not propose to waste words in any attempt to 
apologize for the many defects in our production, but will only say 
that we are fully sensible of, and regret their existence, but did the best 
we could under the circumstances, to avoid them. 

We trust that, notwithstanding its defects, the Analyst will be 
found to contain many papers of much interest and permanent value, 
which have been contributed by some of America’s ablest mathe- 
maticians and astronomers. 

No. 6 of Vol. X, the concluding number, will be issued about the 
first of November, and will be devoted mainly to a general index of 
the ten volumes published. In this index, besides correcting the 
errors and supplying the unintentional omissions in the published 
indexes, the names of contributors of questions and solutions will also 
be inserted. 

Any subscriber, for any Volume of the Analyst, except Vols. I 
and II, who may have failed to receive, or may have subsequently 
lost any No. of such Vol., and who may desire to have a complete file, 
can have the missing Nos. supplied without charge if he will notify 
us in time to mail such missing Nos. with No. 6. 

We have a few (about 20) complete sets of the Analyst which we 
will send to any address, free of postage, if ordered before January 1, 














A HISTORY OF AMERICAN MATHEMATICAL MAGAZINES 77 


1884, for $15 per set; and any volume, except I and II, will be sent 
singly for $1.50, p. 160. 
J. E. HENDRICKS. 


Contents of Vol. X, No. 6. 


Description of a New Ellipsograph, by the Editor, pp. 161-162; 
Solution of Problem 442 (see p. 155), by W. P. Casey, San Francisco, 
Cal., pp. 163-164; Note on Problem 443, by Professor Seitz, p. 164. 

Since the above was put in type we have received from Professor 
J. M. Greenwood, Kansas City, Mo., the following letter announcing 
the death of Professor Seitz, which we take the liberty to publish, as a 
brief tribute to his virtue and ability, by one who knew him personally. 


Kansas City, Mo., Oct. 11, 1883. 


Dear Sir: The brilliant mathematician, Enoch B(eery) Seitz, 
died at Kirksville, Mo., on the 8th inst., of typhoid fever, after a pro- 
tracted illness of five weeks. He went to the ‘“‘Normal”’ on the day the 
session opened, but was unable to take charge of his classes the next 
day. His death causes unusual regret among the thousands of stu- 
dents, teachers, and citizens of this state, who admired him not only 
on account of his transcendent powers as a mathematician, but as a 
model of excellence in his daily life. 

He was about 34, (b. Aug., 24, 1846), I think, though I speak from 
memory only.—The rising star set ere it reached the meridian. 


J. M. GREENWOOD. 


We have never had the pleasure of meeting Mr. Seitz and 
our earliest knowledge of him dates with commencement of the 
Analyst, since which the pages of the Analyst bear witness to his con- 
stant and valuable correspondence, from which we have long regarded 
him as possessed of extraordinary mathematical ability and precision 
of thought. And though we have been favored with the correspondence 
of many able mathematicians, we believe that, in acuteness of per- 
ception, and in conciseness and elegance of style, Mr. Seitz would 
rank with the ablest. We had anticipated valuable results from his 
labors, and believe that, had his life been spared, his industry and 
ability would have materially assisted in enlarging the boundaries of 
exact science. 

The readers of the Analyst are indebted to Mr. Seitz not only for 
the many elegant solutions by him that have been published, but 
also for the ‘Index to Contributors of Solutions of Problems,’’ which 
was furnished by him, voluntarily and unsolicited, and must have been 
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about the last work that he was permitted to do, as it bears date 
Sept. 5. 

As announced in the Sept. Analyst, this No. will terminate the 
publication, under its present management. We had hoped to be able, 
in this issue, to answer the many inquiries that have been made as to 
its probable continuance, by a definite announcement of a publication 
to take its place, under favorable auspices and an able management, 
as several gentlemen of acknowledged ability, and well and favorably 
known by all mathematicians and astronomers, both in this country 
and abroad in Europe, have expressed a willingness to assume the labor 
and responsibility of continuing the publication; but as the arrange- 
ments for its continuance appear to be still incomplete, we have not 
been authorized to make a definite announcement. We feel confident, 
however, from the correspondence we have had on the subject, that 
the work will not be abandoned but will be placed on a permanent 
basis, under a management that will insure its usefulness and success. 
And we earnestly solicit for the new publication, the active assitance 
and patronage of all our readers. 

In conclusion, we desire to tender our sincerest thanks to our 
patrons and contributors for their continued support during the ten 
years life of the Analyst, and especially for their kind words and mani- 
festations of interest in our personal welfare.—EDIToR. Page 166. 


It is a singular coincidence that just as the Editor of the Analyst 
was closing its stimulating and useful career, that one of its most val- 
uable contributors should be called to lay down his powerful pen for 
time and eternity. 

While the writer of this history was only eighteen years old when 
Professor Seitz died and had never heard of him at that time, yet a 
few years afterwards, he learned of his service to mathematics through 
the matchless and elegant solutions of difficult problems in the various 
branches of mathematics that were contributed to the mathematical 
journals by Professor Seitz. In studying Professor Seitz’s contribu- 
tions, the writer learned to love him as though he was the writer’s 
teacher in the flesh and thus Professor Seitz, though dead, had a won- 
derful influence on the writer’s early mathematical life. F. 





Dr. Willard H. Garrett, for thirty-nine years head of the depart- 
ments of mathematics and astronomy at Baker University, has been 
awarded the doctor of science degree by his alma mater, Illinois College. 
Much of his work has been in the field of testing the efficiency of the 
mathematics teaching in the high schools. Last September (1940) over 
4000 mathematics students from twenty-three colleges in Kansas took 
his tests. —Reported by L. J. Adams. 














The Resistance of Ships 


By H. BATEMAN 
California Institute of Technology 


1. The ship’s orientation and its measurement. A person on board 
ship likes to use axes of reference fixed relative to the ship and meeting 
at the ship’s center of gravity, G. When the ship is in port these axes 
may be taken to be 1°~—a horizontal axis running from stern to stem, 
2°—a horizontal transverse axis pointing from the port side of the 
ship to the starboard or steering side, 3°—a vertical axis along the line 
of action of the resultant gravitational force. 

As the ship moves away from port these axes change their orien- 
tations and the passengers fervently hope that the third axis will 
remain nearly vertical. Small departures of this axis from the vertical 
are specified by angles of heel and trim. When the deck is not hori- 
zontal the ship is said to have a list. This may be measured by an 
inclinometer which is often a plomb line or pendulum suspended 
against a batten but J. G. Tawresey! and T. U. Taylor? have recom- 
mended a type of reflecting pendulum which may consist of a liquid 
surface. The use of a U-tube as an inclinometer was advocated by 
A. Taylor at a meeting of the English Institute of Naval Architects 
in 1884 while thirty years later a similar recommendation was made 
by C. Comment to the corresponding German Institute. An improved 
form of this type of instrument was described the following year by the 
Japanese engineers Suyehiro and Yamamoto. An inclinometer used 
on airplanes contains mercury in a tube which is almost circular. The 
Reid aeroplane control indicator, which includes a circular U-type of 
inclinometer with a constriction at the bottom, is described in Engi- 
neering, volume 114 (1922) pp. 216-218. The position of G and the 
trim for a given ship actually depend upon the location of the ship’s 
passengers and cargo. Indeed, one condition for equilibrium is that 
the ship should orient itself so that the resultant weight and the result- 
ant force of buoyancy act along the same vertical line. A graphical 
method of making trim calculations and a trim nomogram are given 
in a paper by E. V. Telfer,* who suggests that Naval Architecture 
offers many useful applications of the principles of nomography or of 


1J. G. Tawresey, J. So. Naval oor and Marine Engineers, Advance paper 


for the meeting of Nov. 15-16 (1928) 17 p 
2T. U. Taylor, The Engineer, 169: $34- 335 (1940). : 
3E. V. Telfer, Engineering, 115: 565-567 (1923) discussion on p. 423. 
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the alignment chart. He points out that thirty years ago an early 
application of these principles was made by Maurice d’Ocagne who 
has done so much to make them known. At the instigation of N. 
Bertin, d’Ocagne* expressed in nomographic form the complicated 
relationship involved in a mathematical theory of the starting and 
stopping of a ship. The problem of starting has been discussed more 
recently by J. K. Whittemore’ on the basis of various expressions for 
the acceleration a in terms of velocity v. The word is mathematically 
interesting. Numerical results are obtained in the case when 


a=c/v—kv" 


and the indicated horse power H is given by KH = D?y* where D is 
the displacement. The lost distance L covered in attaining full speed 
is then expressed in the form L=0.15144KD", n being equal to 2. 
Values of K and D are taken from C. W. Dyson’s Practical Marine 
Engineering, seventh edition. 

The mathematical problem of the stopping of a ship is compli- 
cated by the fact that there are oscillations in the resistance when the 
ship passes from deep to shallow water. 


2. The ship’s speed. In a calm sea the ship will generally be 
driven with its first axis in the direction of motion, and power must be 
used to maintain the ship at a constant speed. This may be quickly 
estimated from measurements of the rate of revolution of a shaft 
and a relation known from the design and trial runs. A good idea 
of the relation for different types of ship may be obtained from Admiral 
D. W. Taylor’s book The Speed and Power of Ships. The old direct 
method of measuring speed by means of a ‘‘common log’”’ consisting 
of a log-ship, a log-reel, a log-line and a log-glass, has been largely 
superseded. Among the other direct methods which have been used 
we may mention first the continuously recording turbine log operated 
by water which enters a tube at the bottom of the ship. The Forbes 
instrument is briefly described in the Enclyclopedia Britannica. A 
turbine log and autograph were installed on S. S. France many years 
ago and a method was devised by which the course followed by the 
ship could be quickly found graphically. AnH. S. V. A. log developed 
in Germany is described in the Annual Report for 1927 of the Ham- 
burg Experiment Tank. It is claimed that by its means the actual 
instantaneous speed can be found at any place on the ship. The use 
of the Pitot tube for measuring a ship’s speed was advocated and tried 

4M. d’Ocagne, Bulletin Association Tech. Maritime (1911). 


5 J. K. Whittemore, Annals of Math. (2) 21: 291-298 (1919-20), Proc. Nat. Acad. 
Sci. 6: 182-185 (1919-20). 
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by Henri Pitot himself about 1732. A manometric speed indicator 
for ships was described by A. E. Fletcher at the meeting of the British 
Association for the Advancement of Science at Edinburgh in 1871, 
and a Committee was formed for the purpose of experimenting with 
instruments for measuring the speed of ships and currents. A mano- 
metric differential log depending on a combination of the Pitot or 
dynamic pressure tube with the Darcy-Bazin static pressure tube 
was patented by E. Raverot and P. Relly® in 1893. It was installed 
on three ships and experiments with it were sanctioned by authorities 
of the French Marine. 

A ship’s log and speed indicator based on the principle of the Dines 
anemometer has been described by S. Shimizu. It comprises a closed 
container enclosing a specially shaped buoy floating inmercury. Many 
other methods of measuring the speed have been tried or are under con- 
sideration. 

In volume 81 of the Transactions of the Institution of Engineers 
and Shipbuilders in Scotland there is a paper on ships’ speed meters 
read by H. Hoppe in 1938. A description is given of an instrument 
with two dials, one of which shows the instantaneous speed while the 
other gives the total distance traveled. 


3. Unsteady motion of a ship. Ina state of variable motion the 
ship’s axes change their orientations relative to fixed axes and it is 
advantageous to consider angular velocities about fixed axes that 
coincide instantaneously with the ship’s axes, these angular velocities 
being those which at each instant will carry the ship’s axes into their 
new positions. The motions in question are described as the rolling, 
pitching, and yawing, of the ship. 

An apparatus for automatically recording the rolling of a ship in 
a seaway was described by W. Froude’ in 1872. It consisted of a fly- 
wheel three feet in diameter and so delicately supported that it would 
remain undisturbed when the ship rolled. This wheel, which was to 
weigh 200 pounds was intended to replace the rocking arm which was 
formerly kept level and pointing to the horizon by an observer on 
deck. A horizon-pen recorded the angle which the ship made with the 
horizon at any instant while a pendulum-pen recorded the angle 
which the ship made at each instant with the mean or effective surface 
of the wave, on which the ship was riding. 

In the use of a pendulum of short period with the point of sus- 
pension at the center of gravity of the ship, Froude had been antici- 
pated by a French naval architect. Froude’s instrument was ex- 


6 E. Raverot and P. Relly, Comptes Rendus, 133:811-812 (1901). 
7 W. Froude, British Association Report (1872) 243-245. 
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pensive and had some defects due to friction at the pivots. Inte- 
grations involving a knowledge of the ship’s dynamic constants were 
needed to derive the ship’s motion and the wave form from the records. 

An improved form of rolling indicator which may be placed any- 
where in the ship was described by Mallock* in 1901. It consists of a 
paddle-wheel supported on fine pivots and enclosed in a short cylin- 
drical box filled with fluid of the same density as the wheel so that the 
friction of the pivots is nearly eliminated. 

In the design of this instrument Mallock tried to make use of the 
principle that in the case of a box completely filled with a perfect 
fluid no motion given to the box can communicate rotation to the 
fluid itself. This is not true, of course, for a real fluid like water how- 
ever small the viscosity, yet the influence of viscosity is confined chiefly 
to a thin layer next to the boundary, particularly when the boundary 
is given a sudden motion or a periodic motion of high frequency. 
Some distance from the sides the fluid is practically undisturbed 
unless the motion is sufficient to produce large eddies. The rapid 
decay of the amplitude of oscillatory motion as the distance from 
the boundary increases was pointed out by Stokes® in a study of 
the effect of the internal friction of fluids on the motion of pendulums. 
The idea of a boundary layer in fluid motion is now quite familiar, 
largely on account of the mathematical work of L. Prandtl, Th. von 
Karman and others. The idea is expressed rather crudely in the term 
skin friction which Froude says was in use at least as early as 1876. 
When Professor A. F. Zahm was working on his bibliography on skin 
friction and boundary flow he remarked’® that the origin of the term 
skin friction is hard to trace. I suspect that it was introduced by the 
physiologists and physicists who were interested in the flow of blood 
in capillaries. 

Besides automatic recording devices there is now the automatic 
control which is used on many ships and airplanes. Reference may be 
made to the description of the Sperry Automatic Pilot"! and to the 
report of H. L. Hazen” on the Theory of Servo-Mechanisms in which 
the mathematical analysis is explained in detail. 


4. The forces on a ship in motion. The forces acting on a ship 
consist of gravitational forces and the surface tractions exerted by the 
air and water. In the case of a sailing ship the air forces are used 


8 A. Maliock, Engineering, 71:407-410 (1901). 

9 G. G. Stokes, Cambridge Phil. So. Trans. 9:8-106 (1850), Math. and Phys. Papers, 
3:1-141. 

10 In a letter to the author dated May 12, 1931. 

uF, A. Sperry, Jr., Aviation Eng. (1932) 16-18. Sci. American April (1933). 
G. Weinblum Schiffbau. 38:51-59 (1937). 

12H. L. Hazen, Jn. Franklin Insti., 218:279-331, 543-580 (1934). 
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for propulsion, but in the case of a steamship or ship with oil as fuel 
they hinder the motion of the ship to some extent. Hunsaker™ says 
it has been estimated that the air resistance of a 20-knot battleship 
is 3% of the water resistance while Mumford" gives the air drag of a 
25-knot cross channel steamer as 2% of the water resistance. The 
percentages are much higher when there is a strong head wind. It is 
only recently that serious efforts have been made to reduce air resist- 
ance. Experimental research in wind tunnels has led to the design 
of streamlin d funnels such as those of the new United States liner 
S. S. America in which there are special devices to keep the smoke away 
from the sports deck." 

The surface tractions exerted by the water on the propellers and 
hull furnish the force of propulsion, the resistance to motion, and 
the force of buoyancy which keeps the ship from sinking. The last 
force exists even when the ship is not moving through the water, but 
this static force is supplemented by a dynamic force when the ship 
is in motion. The magnitude of this dynamic force depends upon the 
trim of the ship and may be quite large in the case of a speed boat 
with a planing bottom. In such a case the draught and displacement 
vary with the speed. 

In a general unsteady motion the ship may slip sideways, move up 
and down as well as forwards and have angular velocities of roll, pitch, 
and yaw. When the departures from the steady state are small it may 
be advantageous to introduce resistance derivatives analogous to 
those used so successfully by G. H. Bryan'* in his study of the stability 
of an airplane. The derivatives associated with small changes in 
orientation occurred in the studies of static stability that were made 
long ago and led to estimates of the stability of a vessel. Bouguer’s 
theory of the metacenter was taken up by the geometers and ampli- 
fied by many beautiful geometrical theorems which are given in the 
books and in a review of the subject by J. Bruhn.’ 

The static stability of a ship varies during a voyage on account 
of the consumption of fuel and changes in the cargo. An indicating 
instrument, called the Stabilograph, has been invented by Professor 
Abell! and put on the market by Dobbie-McInnes and Clyde Ltd. of 
Glasgow.!* It consists essentially of a damped compound pendulum. 
It can be used to determine metacentric height and the period of os- 
cillation in still water, but it is not designed to act as a rolling indicator. 

13 J. C. Hunsaker, Engineering, 118:722-733 (1924). 

14 FE, R. Mumford, Engineering, 120:271-274 (1925). 

15 The Engineer, 165:166-167 (1940). 

16 G. H. Bryan “Stability in Aviation’? MacMillan (1911). 

17 J, C. Bruhn, Engineering 61:488-490 (1896). 


18 T. R. Abell, Engineering, 127:484 (1929). 
19 The Engineer, 147:494-495 (1929). 
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The rolling, pitching and yawing of a ship are resisted or augment- 
ed by couples exerted by the water and must be taken into consider- 
ation in a study of the dynamic stability of a ship. These motions also 
lead to changes in the resistance to forward motion. The effect of 
pitching is most serious and is, indeed, the chief cause of reduction in 
average speed. This effect depends to some extent upon the ratio of 
the ship’s length to the length of the waves, and so a ship which is of 
the right length for the waves in one ocean may not be right for another 
ocean. Efforts have been made to eliminate rolling by the provision 
of anti-rolling tanks or stabilizing gyroscopes. In this way inventors 
have been kind to the mathematician; for with these stabilizing devices 
the mathematical problem ofa ship’s motion under varying conditions is 
practically one of small oscillations about a state of steady motion, 
whereas the problem of large oscillations is quite hard. 


An anti-rolling tank may be pictured as a kind of U-tube contain- 
ing a highly viscous fluid such as oil for which a simplified hydro- 
dynamical theory is possible. This type of stabilizer has been de- 
veloped chiefly in Germany and is associated with the name of Frahm?2° 
while the gyroscopic type has been developed in several countries, 
the work of Sperry”! in this country being particularly fine. Another 
type of ant -rolling device is the bilge keel which was used when the 
first lifeboats were designed in England 150 years ago. This device 
is still used on most battleships and was adopted on the Queen Mary 
though the rival Atlantic liners the Europa, Bremen and Rex had 
other types of stabilizing device. Bilge keels have been much studied 
in England and Holland with the aim of reducing their resistance. It 
has been found that in some cases it is advantageous to divide the 
bilge keel up into separate parts. Some experiemental work on bilge 
keels was done in this country about 1898 and is described by Spear.” 
Proof was given of the effect in increasing stability and it is interest- 
ing to note that bilge keels were added to U.S. S. Oregon. Bilge keels 
were omitted in the design of some English battleships but were 
eventually restored as the ships rolled badly. Some notable mathe- 
matical work on the effect of bilge keels was done by G. H. Bryan* 
who made use of the theory of discontinuous fluid motion. 

20 See for instance, O. Foppl, os meni Archiv 5:35-42 (1934), H. J. R. Biles, 
Trans. Inst. Naval Arch. (1925), R. Malmstrom, Acta <3 Sc. Fennice, 35, No. 2 (1907) 
17 pp., N. Minorsky, Engineering, 158:154 (1934), Schreck, Marine Eng. and 
Shipping Age, 33:611-613 (1928). G. Weinblum Zeit. "iaaee Math. n. Mech. 16: 
375-376 (1936), 18:122-127 (1938). 

21E. A. Sperry, Naut. Gaz. 113:767-776 (1927), R. W. Crowley, Motorship, 13: 
772-773, 928-933 (1928), N. Watanabe, Math. Phys. So. Tokyo, Proc. 9:369-387 (1918). 


22 | awrence Spear, Trans. So. Naval Arch. and Mar. Eng. (1898). 
23 G. H. Bryan, Engineering, 67:729-731 (1900), Nature, 62:186-188 (1900). 
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5. The development of experimental methods. At Norwich in the 
year 1868 the attention of the British Association for the Advancement 
of Science** was drawn to the deficiency of existing knowledge of the 
stability, propulsion and sea-going properties of ships, and to the 
need of further experiments on those subjects as a basis for the ex- 
tension of theoretical investigation. A Committee was accordingly 
formed with C. W. Merrifield as chairman. It included four other 
members of the Royal Society of London, namely G. P. Bidder, Captain 
Douglas Galton, Sir Francis Galton and Professor W. McQuorn 
Rankine the distinguished mathematical engineer. The last member 
of the Committee was Mr. William Froude who had carried out private 
experiments with model ships on ponds, rivers, and lakes. In 1838 he 
had taken part in an investigation on the frictional resistance of 
ships for the shipbuilding firm of Brunel and this experience was 
probably of much influence in the development of the train of thought 
which culminated in the idea that by separating the frictional resist- 
ance from the total resistance, a residual resistance would be obtained 
which was to be attributed largely to the formation of waves on the 
surface of the water and so would depend upon gravity. If, then, 
models were tested in a tank, a law of comparison might be applied 
to the residual resistance and lead to an estimate of the residual drag 
for a full sized ship. Froude accordingly submitted a plan for model 
experiments to the Committee of the British Association and to the 
British Admiralty. 


Froude was overruled by the other members of the said Commtitee 
who in a letter to the British Admiralty recommended experiments upon 
full-sized ships in the fiords of Norway or in the inland water of the 
west coast of Scotland. It was stated that the Committee did not 
wish by any means to discourage experiments made by means of 
models, which can evidently be had in greater number and in larger 
variety at much less expense than on full scale. Froude’s reasons for 
opposing the plan for full scale tests were, moreover, added to the 
report. A copy of this report was sent also to the Institution of Engi- 
neers in Scotland whose Committee gave a general approval of the 
recommendations, particularly the proposed experiments and those on 
rolling. This Committee also called attention to the French Govern- 
ment’s method of experimenting in which a ship was set in motion 
at a high speed and then allowed to lose its speed gradually with 
power shut off in the hope that an estimate of the resistance of the 
water and of the added mass could be derived from observations of the 
rate of retardation. The idea of added mass had been more or less 


24 British Association Report (1870). 
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familiar since the time of DuBuat’s experiments on pendulums swing- 
ing in water®> and the calculations of Poisson, Green and others. For 
a good account of the early work reference may be made to the memoir 
of Sir George Stokes.2° For the experimental determination of the 
added mass in the case of a ship reference may be made to papers by 
Froude,’ Abell,?* Browne, Moullin and Perkins?® and by Lewis.*° 


6. Model Basins. The British Admiralty decided in favor of 
preliminary experiments upon models to be conducted by Mr. Froude 
but did not give any reason for rejection of the proposal to experiment 
with Her Majesty’s ships. It is likely that shipbuilders were at that 
time more interested in the problems of propulsion than in those of 
stability. Also Froude’s plan of making tests under steady condi- 
tions seemed likely to give results that would be directly useful in 
design. 

Froude had already constructed a small tank in his garden at 
Paignton in Devonshire but on moving a short distance to a new home 
at Chelston Cross, Cockington (near Torquay) he constructed a 
parallel-sided tank 278 feet long, 36 feet broad at the top and 10 feet 
deep.*! In this he towed, with his dynamometric apparatus, thin 
boards of wood so as to determine the law of surface drag. This law 
was then used to find the surface drag of a ship’s model, the area of the 
wetted surface of the model being used in place of the area of the 
wetted surface of the board. The influence of the ship’s curvature 
was thus assumed to be small. This assumption is fairly good for 
slender ships of normal shape and for airships but is not applicable 
to the hull of a seaplane. Some idea of the effect of curvature may be 
derived from a mathematical investigation by C. B. Millikan® in 
which the boundary layer theories of Prandtl and von Karman have 
been extended so as to be applicable to bodies of revolution. The 
analysis involves an approximate solution of the fundamental differ- 
ential equation and some plausible assumptions for the turbulent 
portion of the boundary layer. The results have been used to form 
an estimate of the surface drag of a submarine. Amtsberg remarks 
that the measured form drag for the fullest of a set of cigar shaped 
models was about 10% of the total drag and that the excess of the 

25 Chevalier DuBuat “Principes d’Hydraulique” (1782). 

26 G. G. Stokes, loc. cit. Reference (9). 

27 W. Froude, Trans. Inst. Naval Arch. 15:36 (1874). 

28 T. B. Abell, Engineering, 130:154-156 (1874). 


29 A. B. Browne, E. B. Moullin and A. J. Perkins, Cambridge Phil. So. Proc. 26: 
258-272 (1930). 

30 F, M. Lewis, Jn. So. Naval Arch. and Mar. Eng. 37:1-18, disc. 18-20 (1930). 

31 Engineering, 136:60 (1938). 

82 Trans. Am. So. Mech. Eng. (APM-54-3, 54:29-43 (1933)). 











THE RESISTANCE OF SHIPS 87 


total drag over the flat-plate skin friction value ranged from 2% to 
5% with increasing fulness. According to Millikan’s theory the skin 
friction for these models should have been from 5% to 6% in excess 
of the flat plate value. 

With the aid of the British Admiralty, Froude then measured the 
drag of a model of the steamship Greyhound and used his law of com- 
parison to compare the residual drag with the residual drag found 
from full scale tests. The results were fairly satisfactory and were 
regarded as illustrative of the value of model tests. In the full scale 
tests the French method was adopted to some extent. 

A second tank was now constructed by the Admiralty at Haslar 
near Portsmouth and placed under the direction of R. E. Froude, son 
of William Froude. Shipbuilders also began to take notice and in 
1883 the enterprising firm of Denny Brothers of Glasgow built an 
experiment tank at Dumbarton at the instigation of William Denny. 
Besides the usual tests experiments were made to find the effect on a 
ship of artificial waves. These were produced at first by means of a 
manually operated board but an apparatus for producing waves is 
now standard equipment in many marine laboratories. 

American engineers were interested in the work of the model 
tanks** long before an appropriation for the construction of one was 
granted by Congress, largely through the efforts of Congressman 
Hilborn. A basin was constructed in 1898 in the S. E. corner of the 
Washington Navy Yard in a building 500 feet long, the tank itself 
being of length 350 feet and larger than any at that time in existence. 
The special machinery and apparatus were installed the following 
year and Naval Constructor David W. Taylor (now Admiral Taylor) 
was placed in charge.** He did such adimrable work on the resistance 
and propulsion of ships that the new model basin which has been con- 
structed at Carderock in Maryland® has been named the David W. 
Taylor Model Basin. The specifications for the equipment for this 
basin indicate how much thought and care have been used in the design 
and the extent to which model testing has been developed.** In some 
cases models are self propelled. 

There are now at least 27 model basins in existence, the largest 
being in this country according to information at present available. 
At Langley Field there is a basin 2000 feet long in which speeds of 58 
miles an hour have been obtained and perhaps exceeded. At the 

83 W. F. Durand, Marine Engineering, Nov. (1897). 

34D. W. Taylor, Am. So. Naval Arch. and Marine Eng. (1900). 


35 P, Ruhle, Marine Eng. and Shipbuilding Rev. 42:486-487 (1937), H. C. Fischer, 


Jn. Am. Concrete Inst., 10:317-336 (1939). 
36 Capt. H. B. Saunders, Engineering, 151:125 (1941). Trans. So. Naval Arch. 


and Mar. Eng. 46:307-320, dis. 320-324 (1938), Advance paper Nov. 14-15 (1940). 
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University of Michigan there is a tank 300 feet long, and there is also 
a tank at Stevens Institute of Technology.*7 Shipbuilding Companies 
in this country have made much use of the results of tank experiments. 

Of the tanks in foreign countries special mention should be made of 
the large tanks at Leningrad, Hamburg, Rome, and Teddington (near 
London). The first of these has a length of 1810 feet and has an equip- 
ment permitting a speed for the model of 44 miles an hour. One tank 
at Hamburg has a length of 1148 feet while that at Rome has a length 
of 680 feet. The tank at Teddington has been named for William 
Froude and was intended originally for use in the improvement of the 
design of mercantile vessels, it has a length of 680 feet and was donated 
by Sir Alfred Yarrow. 

There are also model basins at Greville (Paris), Berlin, Bremen, 
Vienna, Moscow, Spezia (Italy), Wageningen (Holland), Trondhjem 
(Norway), Hoegskolens shipbuilding laboratory (Sweden) and at 
Teishinsho (Japan). 

Shortly before the war a plan of co-operation between the national 
ship testing establishments in England, Italy, Germany, and Holland 
was initiated for the comparison of a series of resistance and self- 
propulsion tests on models made to a given series of lines. The tests 
at the Froude tank and the Dutch tank were completed for models 
of both fast and slow vessels. The results indicated that the resistances 
measured at Teddington are about 4% higher than those measured in 
Holland. Besides the effect of possible differences in turbulence there 
are small differences due to the finite depth and breadth of the channels. 
Some estimates have been made by G. Weinblum,** on the basis of an 
expression obtained by Sretensky,** for the wave resistance of ships in 
channels of finite depth and width. It seems that for the usual sizes 
of model and channel the side walls hardly produce any appreciable 
disturbances; but these can arise when the length of the model is equal, 
say, to the breadth of the tank. 


37 L. J. Hooper, Trans. Am. So. Mech. Eng. (HYD- 1-3) 58:577-586 (1936). 

38 G. Weinblum, Zeit. angew. Math. u. Mech. 17:365 (1937). Schiffbautechnischen 
Ges., Jahrbuch 39:266-289, disc. 289-291 (1938). 

39. N. Srettensky, Phil. Mag. (7) 22:1005-1013 (1936), C. R. (Doklady) de 
l’Akad. des Sc. USSR (2) 7:265-267 (1936). 





A former teacher in the Philippine Normal school, Dr. Franklin 
Bobbitt was born in English, Ind., in 1876. He received the Bachelor’s 
degree at Indiana university in 1901, and the Ph.D. degree at Clark uni- 
bersity in 1909. He will continue his work on a comprehensive volume 
“The Curriculum of Modern Education’’ at his home in Waldron, Ind, 
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EDUCATIONAL INTERESTS OF TEACHERS 
oF CoLLEGE MATHEMATICS 


The teacher of college mathematics is primarily a teacher and 
secondarily a research mathematician. As a teacher, his educational 
interests manifest themselves both in the classroom and outside the 
classroom. 

In his official duties as a classroom teacher, the teacher of college 
mathematics is, or should be, interested in educational problems 
dealing with instructional aims of mathematics, instructional materials, 
instructional methods, evaluation of instruction, and psychological 
principles inherent in mathematical instruction. In his unofficial con- 
tacts outside the classroom, he has conferences with colleagues, admin- 
istrators, students and perhaps parents, attends educational meetings, 
subscribes to journals, and is a member of learned societies. In both 
capacities, his educational interests manifest themselves either in the 
contributions he makes to the formulation or solution of instructional 
problems, or by his reactions to the reported contributions of the other 
teachers. 

As intimated above, a small number of college teachers of mathe- 
matics are actually engaged in ‘“‘pure research’’, that is, in research in 
the fields of mathematics whose subject matter is presented at the 
graduate level, if presented at all for instructional purposes. While 
not questioning the significance of such research, we wonder if the 
mathematical journals which are devoted to the promulgation of 
interest in collegiate mathematics have paid sufficient attention to 
instructional problems commensurate with the proportion of their 
subscribers who are primarily teachers. 

The Teachers’ Department of the NATIONAL MATHEMATICS 
MAGAZINE has been organized to fill such a need. It is planned to 
serve the teachers of mathematics specifically by accepting for publi- 
cation: (1) reports of educational experiments conducted by depart- 
ments of mathematics or by individual teachers of mathematics; 
(2) discussion of educational problems dealing with aims, materials, 
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methods, or evaluation of mathematical instruction; (3) formulation 
or solution of instructional problems; (4) contributions concerning the 
psychological principles involved in mathematical instruction; and 
(5) historical as well as philosophical papers dealing with the develop- 
ment, nature, and manifestation of mathematical concepts and pro- 
cesses. 

Any plan of action is desirable when its aims are worthy. The 
proposed plan can be carried out and its aims attained, if the teachers 
of college mathematics will cooperate with the editors of the Teachers’ 
Department: (1) by contributing papers and articles for publication; 
and (2) by inviting their colleagues to become subscribers and con- 


tributors. 
J. S. GEORGES. 





Types of Learning Products of Evaluation 
of Instruction 


By J. S. GEORGES 


The problem of evaluation is essentially a problem of measurement. 
Measurement presupposes quantitative aspects of the phenomenon. 
Qualitative aspects may be graded by means of comparison, but cannot 
be measured unless reduced to equivalent quantitative properties. 
While we may distinguish between a good instructor and a poor in- 
structor, we cannot distinguish between two good instructors unless 
we reduce their goodness of instruction to quantitative terms. Similar- 
ly, while for the purpose of records and of transferring of credits marks 
of S denoting superior and F denoting failure may be adequate, yet 
for the purposes of evaluating the learner, in so far as learning is con- 
cerned, such marks are utterly meaningless. Does F mean zero learning? 
If not, what does it mean? Does S mean maximum learning? Is maxi- 
mum learning absolute or relative? 

Considered then as a measurement problem, evaluation of instruc- 
tion must be analyzed in terms of its inherent quantitative aspects. 
In certain types of instruction quantitative data are not relevant and 
are, on the basis of such instruction, meaningless. If, for example, 
we define appreciation of art or of music as a gratification of the esthetic 
needs. of man, we are unable to measure appreciation in terms of any 
quantitative units. It is quite true that works of art can be evaluated 
in terms of certain arbitrarily defined units of esthetic measure, yet 
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such units fail to measure our appreciation of them as art. But even 
in those domains of instruction, whenever evaluation is attempted, 
some quantitative measures are employed. 

Quantitative measurement, whatever may be its nature, pre- 
supposes a unit of measure and a process, direct or indirect, of applying 
that unit of measure. Thus, for example, distance may be measured 
directly or indirectly in terms of certain standard units of length. 
Time may be measured indirectly in terms of units of time by means 
of arc units of a circle. Speed may be measured indirectly in terms of 
derived units of length and time. Similarly, with many other types 
of measurements which are familiar to us. But how shall we measure 
instruction? What units shall we use? What measuring instruments 
shall we employ? Clearly, we cannot select a universal unit which 
will measure different types of instruction. A unit that measures 
ability of performance cannot be adequate to measure understanding. 
A unit that measures recognition will fail to measure ability. 

Consequently, for the purposes of evaluation, we must distinguish 
between the various types of learning products. Failure to recognize 
this fundamental principle has resulted in misrepresentation of the 
learning process. For example, many authorities represent graphically 
the curve of learning as having negative acceleration, that is, of being 
logarithmic in nature. Does that mean that if understanding is plotted 
as an ordinate and time or effort as an abscissa, the curve, if any, 
will be logarithmic? Far from it! It can be demonstrated that even 
in the case of recognitions, the learning is sequential or serial, and it is 
a function of an integral variable, that is, having a discrete and not a 
continuous range. And when we attempt to apply the logarithmic 
curve to appreciation type of learning, it does not make any sense at 
all. The only type of learning which may be assumed to follow the 
pattern of the logarithmic curve is perhaps the performance or ability 
type. But even in this case perhaps the arctangent curve or the 
“‘Gudermannian’’, that is, arctangent hyperbolic sine, is a better 
approximation. 

For the purposes of evaluation we classify the learning products 
into four arbitrarily chosen types, namely, recognitions, understand- 
ings, abilities, and appreciations. Even though these four types of 
learnings are distinct, yet they do overlap and one type may be asso- 
ciated functionally with another type. Thus we may have recognition 
without understanding. We may have understanding without appre- 
ciation. We may also have recognition followed by understandings, 
and understanding together with the associated abilities. 

In its simplest form learning consists of recognition, that is, of 
identification of an entity. The entity may be an object, a process, a 
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concept, or any fact whatsoever. If we represent an entity symboli- 
cally by x, its recognition depends upon its identification as belonging 
to a class C,, that is, a class of similar x’s. This recognition may be 
the result of one or more properties possessed by x. Symbolically we 
may write x’. It is in terms of the property P, which is associated 
with the entity x, that similar x’s are grouped together into the class C,. 

Much of the factual information obtained in our classes of instruc- 
tion is of recognition-type. In the case of physical entities, the prop- 
erty P may designate magnitude, or texture, or color, or substance, 
or any other physical property. In the case of conceptual entities, 
the property P may designate meaning, or validity, or perceptual 
manifestation, or logical definition, or any other conceptual property. 
In the case of a process, the property P may designate a definition, or 
law, or result, or any other manifestation of the process. 

Many examples of the recognition-type of learning can be pre- 
sented from different fields. For example, one hears a piece of music, 
and recognizes it as a symphony; and may further recognize it as 
being Schubert’s Unfinished Symphony. One sees a curve and recog- 
nizes it as a spiral, and may further recognize it as being the spiral of 
Archimedes. One reads a statement concerning terminal velocity and 
recognizes it as the velocity of a falling body affected by air resistance. 
One is told that sulfanilamide is a powerful drug in checking pneu- 
monia, and recognizes the truth of the statement by believing it. A 
multitude of other examples might be added to the list illustrating the 
recognition-type of learning. 

When we attempt to evaluate this type of learning in our classes, 
we encounter at once the obvious fact that many different factors 
affect the process of learning. Apperceptive mass plays an important 
part, for new facts.are learned and interpreted on the bases of older 
facts of a similar nature in the possession of the learner. Memory 
plays an important role, for the retention of the acquired facts depends 
upon the memorizing powers of the learner. The method of instruc- 
tion plays an important role, for by one method the process of learning 
may be accelerated to a greater degree than by another method. The 
nature of the subject plays an equally important role, for one subject 
lends itself more readily to memorization than another subject. The 
learning powers, interests, and applications of the learner play a very 
significant role, for upon them in the final analysis depends the process 
of learning. 

Acquired recognitions may be independent or related. By inde- 
pendent recognitions we mean a sequence of recognitions each of which 
is acquired independently of the others. Such a sequence may be 
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represented symbolically by R, for 1=1,2,3,---,. By related recog- 
nitions we mean a series of recognitions each of which is acquired as a 
consequence of other previously acquired recognitions. Such a series 
may be represented symbolically by S;, where S; = 2R, for 1 =1,2,3,---, n. 

For example, the following recognitions constitute a sequence of 
independent facts. R,:5 and 7 are integral numbers. S,:5/7 isa 
rational number. Here S.=R,@R:2, in which R,=5 and 7 are integral 
numbers; R,=the symbol (—) written between two integers in the 
designated manner means their ratio; and @ means ‘‘taken together.’’ 


The process of evaluation of the recognition-type of instruction 
will be presented in detail because the process can be applied with 
modifications to the other types of instruction. 

The first step in the evaluation is the identification and listing or 
classifying the many recognition-type of learning products which 
constitute the instructional aims or objectives of the unit of instruction 
or of the course. It may be true that not all of these learning products 
will be attained by all of the students. But that is the very problem 
which evaluation is intended to solve. It may equally be true that the 
instructor may not be successful in teaching all of those learning pro- 
ducts to the extent of actual learning by the students. Nevertheless 
such a list is essential to a scientific procedure in the evaluation of 
instruction. 

The second step in the evaluation of instruction is the selection 
of a representative sample. In the language of the statistician the 
prepared list of learning products may be called a population. Ran- 
dom sampling consists of the selection of a small sample out of the 
population which is examined to determine the characteristics of the 
entire population. One sometimes wonders if the procedure employed 
in our schools of subjecting a student to answer three hundred questions 
in a period of two hours is sound when analyzed on the basis of the 
theory of random sampling. 

The third step consists in the formulation of a test based upon 
the items of the selected sample. In the objective type of test, the best 
forms which lend themselves readily to the evaluation of the recogni- 
tion-type of learning are the multiple choice and the matching; although 
the true and false form and the completion form may also be used in 
some cases. 

The fourth step consists in the weighing of the various items of 
the test. While such weights are arbitrarily chosen, their judicious 
use will reduce materially the work involved in the computation of 
the various measures used in the analysis of test results. For the 
purposes of comparison and of determining the validity of the test the 
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same total weight may be used for each test and for succeeding semes- 
ters. In the department of mathematics at Wright Junior College we 
have been using the total weight of 60 for each test for the past seven 
years. Sixty was chosen because of its divisibility by a large number 
of integers. 

The fifth step consists of the determination of the reliability of the 
test, that is, of the selected sample as truly representing the stated list 
of objectives. The reliability may be measured in terms of the probable 
error of the mean. An approximate formula for the probable error of 
the mean is 


e=0.67450/\n 


where co is the standard deviation and n is the number of items in the 
sample. The interpretation of the probable error is as follows. The 
chances are even that the mean of the entire population will lie between 
x—e and x+e, where x is the mean of the sample. 

The final step is the analysis of the test results. While such an 
analysis depends upon the purposes for which it is made and the time 
involved in making the analysis, nevertheless, if the test is to be used 
for the purposes of evaluating instruction and not merely giving the 
student a mark, then an analysis along the following lines is extremely 
useful. 

If more than one class is being tested on the same unit, or course, 
equivalent forms of the same test are administered the same day. 
The mean or the median for each class is computed. The discrepancy 
between the means for the various classes can be studied to advantage. 
Such discrepancies reveal a great deal. Incidentally, the mean may be 
used to transform the responses on the test to marks. The use of 
standard deviation in the analysis of the fluctuation of the individual 
responses from the mean is recommended. 

Index numbers can be used to determine the efficiency of instruc- 
tion as well as of learning. The following index number has been found 
quite useful in this connection. Let c be the number of correct re- 
sponses of the class on any particular item, f the number of incorrect 
responses, and m, the total number of responses. Then the index 
number J is 


I=(c—f)/n. 


Obviously, the values of J range from —1 to +1. J=-—1, whence, 
the number of correct responses, is 0. A negative index number for 
any particular item shows inadequate instruction and unsatisfactory 
learning. Furthermore, if the forms of the same test are used in dif- 
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ferent classes, a negative index for instructor x contrasted to positive 
indexes for the other instructors, again reveals a great deal. 

Obviously, index numbers can be used in measuring the validity 
of the test, in revealing whether or not an item is a misfire item, in 
determining whether or not a given learning product can be attained 
at that level, and many other phases of instruction. 

The second type of learning, as pointed out above, consists of 
understanding. In its simplest form understanding is manifested 
whenever a concept or a process is rationalized. Since understanding 
is usually associated on the one hand with recognition and on the other 
hand with ability, many authorities attempt to depict understanding 
as a point on the curve of learning, whatsoever its nature, whose ordinate 
represents the level of understanding. According to this theory, actual 
learning may take place without attaining the level of understanding. 
Moreover, after the level of understanding has been reached, !earning 
may continue in terms of additional recognitions or in terms of more 
efficient skills. 

As in the case of recognitions, understandings may be independent 
or related. The process of learning consisting of independent under- 
standings is sequential, while that consisting of related understand- 
ings is serial. Essentially, for the purposes of evaluation, a single 
understanding, whether it is in a sequence of independent under- 
standings or is a series of related understandings, may be considered 
as that type of learning which investigates the conditions under which 
a stated fact will occur, the reasons for its occurence, and the manner 
of its manifestation. By recognition, the entity x is identified as 
belonging to the class C, by means of the class property P. By under- 
standing the existence of the entity x is justified, its inclusion in the 
class C, is established, and the nature of the class property P is ex- 
plained. Symbolically, we may represent the idea as follows: 
C?.x?.)-C,. The symbolic statement means there exists a class C 
which contains all the elements possessing the class property P. There 
exists an entity x possessing the property P. It is concluded that x is 
an element belonging to the class C. 

One type of understanding deals with properties of entities. It 
may proceed by induction and generalization to establish the existence 
of the class C,, as a logical conclusion from the observations that each 
of the various x, for 7=1,2,3,---, m has the property P. It may also 
demonstrate by deduction that property P belongs to the entity x 
due to the fact that x is contained in the class C, all of whose elements 
possess the stated property P. 

Consider, for example, the statement: Franklin Delano Roosevelt 
is a native born American. The understanding of the truth of the 
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statement by a person not having any knowledge of the birth place of 
Franklin Delano Roosevelt manifests itself as follows: R, (recognition) 
Franklin Delano Roosevelt is the President of the United States. 
R, (recognition) the president of the United States is a native born 
citizen. U (understanding) Franklin Delano Roosevelt is a native 
born citizen. 

Consider, as a second example, the statement: A molecule of 
water consists by volume of two parts hydrogen and one part oxygen, 
that is, symbolically, H,O. U, (understanding) or R, (recognition): 
water can be decomposed by electrolysis into its constituent elements. 
U, or R2: the elements obtained by the electrolysis of water are only 
hydrogen and oxygen. U; or R;: when water is decomposed by elec- 
trolysis, the volume of hydrogen liberated into one tube is twice the 
volume of oxygen liberated into the other tube. U,: A molecule of 
water ccnsists of two atoms of hydrogen and one of oxygen. 

As a third example consider the statement: 2 is not a rational 
number. R&R, (recognition): A rational number can be reduced to the 
form a/b, where a and 0 are integers with no common factor. R, or U2 
(understanding): The square of a rational number is rational. R; or 
U;: the square of y2 is 2. Us: If ¥2=a/b then 2=a?/b?. Us: 
If a?/b?=2, then a?=2b?. Us: Since 2? is even, then a? is even. 
U;: If a? is even then a is even. Us: If a* is even it contains the 
factor 4. U,: Then 5? is even: Uy: If b?iseventhen diseven. Uy: 
If a and b are both even, they have the common factor 2. Uj: or Rj: 
Of two mutually exclusive events either one or the other but not both 
are true. Uj;: therefore 2 a/b. 

Another type of understanding deals with relationships between 
two or more entities belonging to the same class or to different classes. 
In this form we may express the learning symbolically as xRy, which 
means that the entity x is associated with the entity y according to the 
relationship R. While recognition may identify the relationship and 
accept or deny its existence, understanding, on the other hand, estab- 
lishes the existence of the relationship by considering the causes which 
produce the stated relationship. As in the case of properties of entities, 
the understanding of the individual fact xRy may be a logical conse- 
quence of the deduction from the three facts CRC’, C,, and C,. That 
is, every element of the class C is associated with a corresponding 
element of the class C’, the element x is in the class C and the element 
y is in the class C’. Therefore x is associated with y according to the 
relationship R. 

The learning may also proceed on the basis of induction by general- 
izing the separate facts x,Ry, into C,RC,. This is the procedure in 
the establishment of empirical laws or theories in sciences. 
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The understanding-type of learning is peculiar to logical systems, 
and to sciences. Other subjects may present situations in which 
rationalization is attained. To that extent such subjects become 
scientific in nature if not in practice. 

Evaluation of understanding as a learning product presents a 
more difficult problem than the evaluation of recognition. This 
difficulty is due to two main factors. The first is the inability of the 
evaluator to distinguish between recognition and understanding. 
Many an instructor confuses memory with understanding. The second 
factor causing difficulty in evaluating understanding is the inade- 
quacy of the evaluation instrumentality, such as tests, to present 
situations which call for the exercise of understanding. Most of the 
objective type tests using the standard forms are designed to test 
recall of facts. Recalling facts is not understanding. 

Many investigators in the field of evaluation have recommended 
that a test of understanding should present situations in the form of 
problems in which understandings are required to obtain solutions. 
One objection to the problem-type of evaluation is the fact that problem 
solving requires not only understanding but also ability or skill. We 
must recognize the fact that one may have an understanding of a 
process without being able to use it in a problem-situation. This is 
especially true in the sciences and mathematics, which, as stated 
above, are primarily understanding-type of learnings. To illustrate 
this objection, consider the following familiar examples. One may 
understand that a certain cubic equation has three real roots yet be 
unable to determine the three roots. One may understand that the 
differential equation of the motion of a body falling under the force 
of gravity and under a force opposing motion (such as the air resis- 
tence) and proportional to the velocity at any instant is d*y/dx? =g — ko, 
yet be unable to solve the differential equation. One may have an 
understanding of the theory of evaluation yet not be able to demon- 
strate its applications in a given special case. One may understand, 
as one critic has put it, that Schubert’s Unfinished Symphony is a 
mirror of Schubert’s own sorrowful life, “likening its occasional mo- 
ments of exuberance in the midst of its sober passages to its com- 
poser’s career, where handfuls of good fortune were thrown in the 
bushels of adversity’’, yet be not able to play a single melodic line. 

The second objection to the problem-type of evaluation of under- 
standing is the common practice of evaluators to disregard the se- 
quence of steps required in the solution of the problem and to consider 
only the last step, namely, the answer. This is a malpractice which 
defeats the purpose of evaluation and its justification by its users has 
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created a pathological condition in the mind of the learner who con- 
fuses getting an answer to a problem by any method whatsoever as a 
criterior of actual learning. This being an abuse of the method, it 
can be remedied and the method can be presented in its true merit. 


In the unit tests administered by the Department of Mathematics 
at Wright Junior College the second part of each test consists of items 
based upon understanding of the concepts and processes of the unit. 
The random sampling method is used so that only a few, say ten, 
items are chosen. Then each of the items is analyzed as to whether 
it constitutes a single understanding, or a composite understanding, 
and if composite, whether it is sequential or serial. The test form best 
adapted to the evaluation of understanding is the completion form. 
For example, the item may be based upon the understanding of the 
fact that the rate of change of an exponential function, such as the 
population curve, is proportional to the value of the function. The 
test item may consist of the following statement and the anlyzed 
steps. The speed v of a chemical reaction increased with temperature 
t at a rate which at any temperature was 4% of the speed at that 
temperature. 


(a) The function representing the stated relationship is............... (exponential) 
ee . k eae vee cbeeecedsssvcseccereseess (v = ve") 
ey eee eon We Ol 4° 1G THE WHINE OL... ccc cc cece ccc ccc ew awe een (r) 
(d) If the initial speed was 10 units, the formula reduces to.............. (v = 10¢4*) 
(e) When the temperature was increased 20°, the speed was................. (10e"4) 


The evaluation of the answer 10e* calls for a certain ability in the use 
of logarithms which is not a part of the understanding called for in 
the item. 

The third type of learning consists of the development of certain 
abilities and acquisition of specialized skills. The instruction seeking 
to develop manipulative skills may or may not aim at the learning 
of the associated recognitions and understandings. In certain subjects 
where the primary aim is the development of skills, little or no attempt 
is made to attain understanding. In other subjects, where the appli- 
cation of a process requires special kind of manipulative abilities, 
these abilities may be acquired with or without the rationalization of 
the process. 

Since this type of learning is primarily one of performance, its 
evaluation may be on the basis of determining whether or not the 
individual is able to perform the task which calls for the use of acquired 
skills. Very few types of learnings are of this nature. The individual 
may not perform the task as an expert would, and may make mistakes, 
but he does perform it to some extent. In other words, the test may 
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be based upon the determination of the degree of accuracy in the per- 
formance. Many of the so-called standardized tests and scales in 
arithmetic and algebra are of this nature. 


The evaluation may also be based upon the rate with which the 
task is performed. Where no attempt is made to take into account 
the associated recognitions or understandings, which do influence the 
rate of performance, timed tests, as they are called, are quite adequate. 
The main objection to timed tests is the variance in both the rate of 
learning and the rate of performance. Two individuals may not learn 
with equal rates, due to apperceptive mass, inherent abilities, interests, 
applications, and many other causes. This calls for different rates of 
performance. Timed tests do not consider individual differences. 
Even in the standardized types, the established forms do not enabje 
the determination of a satisfactory time factor for a given individual. 


The type of instruction which aims to develop special abilities must 
of necessity provide opportunity for practice. However, in many 
fields of instruction we must distinguish between the type of learning 
which acquires skills by imitation and the type which develops abilities 
on the basis of a rationalization of the process. The one is learning 
by rote and the other is rationalization of the process. By the one 
method the individual learns to do, but he does not know why he does 
it that way. By the second method also he learns to do, but he knows 
what he is doing and why he does it that way and not some other way. 


In the first type, drill material may be used to determine both the 
rate of performance and the accuracy, such as standardized tests or 
scales in mathematics, timed tests in typing, and other tests devised 
to measure speed and accuracy. 

In the second type, the test items must take into consideration 
the recognitions or understandings with which the given ability is 
associated. In this type of test the element of time is not as important 
as in the former type. The test item calls for the performance of a 
certain process. The student either does or does not perform the 
process and if he does, then the accuracy of his performance is eval- 
uated. Of necessity, the test item, if based upon a problem, should 
provide for testing the recognitions or understandings associated 
with the ability. For example, consider the following problem. Two 
forces of 75 pounds and 50 pounds respectively act upon a body at an 
angle of 30° with each other. Find their resultant and its direction. 
The particular ability called for in the solution of this problem depends 
upon the following recognitions or understandings. R, (or U,): Either 
force may be represented by a horizontal vector. R, (or U2): The 
direction of the other vector is at an angle of 30° with the horizontal. 
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R; (or U3): The two vectors form the sides of a parallelogram of 
forces. R, (or Us): The diagonal of the parallelogram represents the 
resultant. R; (or U;): The magnitude of the resultant is given by 
the law of cosines: A; (Ability): Substitution of 50, 75, and 30° 
in the formula for the Law of Cosines. A:: Solution of the equation 
7?=50?+75?+2 x50 75 cos 30°. As: Evaluating 502. As: Eval- 
uating 75%. A»;: Evaluating 25075 cos 30°. A;: Evaluating 7’. 
A,: Evaluating 7. Similar steps are involved in the solution for the 
direction of the resultant. Without such an analysis, it is impossible 
to determine what particular step or steps were responsible for an 
incorrect solution of the problem. 

The fourth type of learning consists of the establishment of certain 
adaptations which we call appreciations. As pointed out above 
appreciations may result from understandings. But it is not true that 
understandings always result in appreciations. Furthermore, the 
acquisition of certain specialized abilities may result in the appreciation 
of the process upon which the abilities are based. But again it is not 
true that abilities always develop appreciations. Thus appreciations 
may be independent of understandings and abilities, or may be de- 
pendent upon them, or closely associated with them. 


If, as some have defined them, appreciations consist of gratifica- 
tions of esthetic needs of man, many different fields offer opportuni- 
ties for acquiring such appreciations. Music, literature, fine arts are 
the fields where the primary educational aims are the acquisition of 
appreciations. However, many other subjects, especially the sciences, 
also offer opportunities for the development of appreciations. In the 
former case, the appreciations take the form of intensifying the desire 
for beauty, for harmony, for order and at the same time of satisfying 
that desire in a measure. The esthetic capacity which is an invariant 
of man may seek expression in many different ways. A poem, a paint- 
ing, or a symphony may give an expression to an esthetic feeling that 
the individual reading the poem, looking at the painting, or hearing 
the symphony has. Often such feelings cannot even be analyzed. 
The individual says he likes the poem, or the painting, or the symphony, 
often without being able to explain why he likes them, and when 
such explanations are given, often they are not entirely too convinc- 
ing. The individual reacts favorably, and that is, in a measure, the 
best measure of his appreciation. 

Appreciations in sciences and mathematics, though primarily of 
a different nature, are akin to the appreciations in fine arts. One may 
appreciate the simplicity, the compactness, and the power of a formula. 
One may see rhythm in an infinite sequence. One may feel that there 
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is beauty of form in an algebraic expression in the same sense that the 
beauty of form of a geometric figure appeals to him. 

However, when we consider the problem of evaluating appre- 
ciation, whatever may be its nature, we encounter extreme difficulty. 
How may we reduce to a quantitative measure the esthetic gratifica- 
tions resulting from instruction? We might measure to some extent 
the degree or intensity of such gratification. But what does such a 
measure mean? One responds according to his inner esthetic capacity. 
These capacities differ in different individuals, hence we expect dif- 
ferent grades of responses, and the one is as significant as the other. 

In the sciences, very little attempt has been made to evaluate 
appreciations directly. Perhaps the best test is the so-called func- 
tional test, but such a test cannot be administered properly in a class 
room. 





The Bulletin of the California State Department of Education for 
June, 1941, is entitled Some Mathematics Practices in California Secondary 
Schools. This is the report of the subcommittee on mathematics of the 
general education committee of the Association of California Secondary 
School Principals. There are some forty pages in this report. Some of 
the main topics are: mathematics and general education, what California 
secondary schools are doing, what California mathematics teachers be- 
lieve, and implications for future mathematics practices in secondary 
schools. This bulletin is a publication of the California State Department 
of Education Sacramento, California. Dr. C. C. Trillingham, Assistant 
Superint3ndent and Director of Secondary Education of Los Angeles, 
served as chairman of the committee. The members of the committee 
were: Harry G. Alway, Harold D. Aten, William W. Booth, Dale Car- 
penter, Bruce M. Casey, E. Howard Floyd, Robert S. Fraser, Edwin M. 
Hemmerling, Elmer M. Krehbiel, Robert B. Herrera, Donald W. Larwood, 
Earl Murray, Joseph O’Loughlin, John S. Reed, Frank B. Lindsay. 

—Reported by L. J. Adams. 





A member of the University of Chicago faculty for 33 years, Dr. 
Gilbert A. Bliss was born in Chicago in 1876. He was awarded the Bache- 
lor’s and Master’s degree in 1897, and the Ph.D. degree in 1900 at the 
University of Chicago, and an honorary Doctor of Science degree at the 
University of Wisconsin in 1935. After teaching at the universities of 
Minnesota, Missouri, and Princeton. he was appointed associate professor 
of mathematics at the University of Chicago in 1908, full professor in 
1913, chairman of the department in 1927, and Martin A. Ryerson dis- 
tinguished service professor in 1933. 

In addition to his research in mathematical analysis, Dr. Bliss con- 
ducts a course in exterior ballistics—the science which sends a long-range 
shells truly to their mark. He was scientific expert of the range firing 
section of the U .S. Army in 1918. His published works include books 
on the calculus of variations, and the science of exterior ballistics. A 
member of many learned societies, both here and abroad, Dr. Bliss is past 
president of the American Mathematical Society. 











Problem Department 


Edited by 
ROBERT C. YATES and Emory P. STARKE 


This department solicits the proposal and solution of problems by its 
readers, whether subscribers or not. Problems leading to new results and 
opening new fields of interest are especially desired and, naturally, will be 
given preference over those to be found in ordinary textbooks. The contrib- 
utor is asked to supply with his proposa!s any information that will assist 
the editors. It is desirable that manuscript be typewritten with double spac- 
ing. Send all communications to ROBERT C. YATES, Mathematics, L. S. U.., 
Baton Rouge, Louisiana. 


SOLUTIONS 


No. 395. Proposed by Paul D. Thomas, Southwestern State College, 
Oklahoma. 


Prove that the locus of the centers of all conicoids through the 
cubic curve x=/, y=/*, z= is the surface 2x*—3xy+z=0, (x=u, 
y =v, z=3uv—2u*). Find the asymptotic lines of this surface and show 
that their projections on the plane x=0 envelope the semicubical 
parabola z? =2y’. 

Solution by the Proposer. 


Since the given cubic curve lies on all three of the conicoids 
xy—z=0, zx—y?=0, x?—y=0, all the conicoids through the curve 
are represented by 

f =a(xy —z)+b(2x —y*?) +c(x?-—y) =0. 
f,=ay+6z+2cx =0 
f,=ax—2by—c=0 
f,=—a+bx=0. 
The elimination of a,b,c, among f,=0, f,=0, f. =O gives the sur- 


face 2x* -3xy+z=0. 
The asymptotic lines are given by the differential equation 


(1): D-du?+2D'dudv+D''dv? =0 


where D, D’, D” are respectively 2Xx,,, UXX,,, UXx,, and X, Y, Z 
are respectively (y.2,—Y02u)/H, (X:2u—Xue.)/H, (Xu. —X-Y.)/H. Using 
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the given parametric representation of the surface, it is found that 
HD=-—12u, HD’'=3, HD” =0 and these quantities reduce (1) to 
—2u du?+dudv=0. Integrating this we find 


(2). u=c, and (3): v—-w=c 


which are the equations to the asymptotics. The projection of (2) 
upon x=0 is S=2c,3—3c,y+z=0. The elimination of c, between 
S=0 and S,,=0 gives for the envelope the semicubical parabola 
z2=2y*. The projection of (3) upon x =0 is T= y?+3ce.y? — 4c. —2? =0. 
The elimination of c. between 7 =0 and 7,, =0 gives z?=0 and z?=2y’. 


No. 400. Proposed by Howard D. Grossman, New York City. 


Prove that if a coin is tossed often enough, the chance approaches 
1 that the number of heads will eventually at least once exceed the 
number of tails by 1. Does this prove that if you play long enough, 
you are practically certain to win (or equally certain to lose) ? 


Solution by H. S. Grant, Rutgers University. 


Let P(n) be the probability that the number of heads will exceed 
the number of tails by 1 at least once in m tosses. Then Q(n) =1—P(n) 
is the probability that the number of heads will never exceed the 
number of tails in m trials. Let N(t,h) be the number of cases of ¢ 
tails and h heads after n tosses (t+ =n) in which the event associated 
with Q(n) is realized, and put 


N(n) =) N(i,h). 


Since, in enumerating N(t,h) for :+h=n, we must proceed from 
those cases in which ‘+=n-—1, and since, whether we toss a head or 
a tail, the probability is }; we conclude 

Q(n) = N(n)/2". 
We observe further that N(2m)=2N(2m—1), for, in proceeding from 
a case in which ‘+h is odd either a head or a tail is permissible. On 
the other hand, N(2m+1)=2N(2m)—N(m,m), since the cases asso- 
ciated with N(m,m) would allow only a tail on the next toss. Thus 
we have 


Q(2m) =Q(2m—1), Q(2m+1) =Q(2m) — N(m,m) /22"*} 
whence we derive 
Q(2m —1) —Q(2m+1) = N(m,m) /22"*), 


Q(1) —Q(2m-+1) = > NG, /2", 
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Since Q(1) is evidently 4, we have 
Q(2m+1) =3—-43)>5 N(i,1)/4'. 
i=] 


The desired result, Lim P(#)=1, 


au @o 


will follow imimediately when we have shown that 


Lim )>> N(i,t)/4‘=1. 
m>O j=] 
To do this, notice that N(7,7) is the same as the number of arrangements 
of 1 T’s and 7 H’s such that, in proceeding from left to right, the number 
of H’s will never exceed the number of 7’s. By placing a 7 on the 
extreme left in any one of these arrangements we would obtain an 
arrangement of (+1) 7’s and 7 H’s in which the number of 7’s would 
always exceed the number of H’s in proceeding from left to right; 
and conversely, associated with each of these latter arrangements is 
one of the former, obtained by dropping the 7 on the extreme left. 
Thus N(1,z) is obtained, for example, in T. C. Fry, Probability and Its 
Engineering Uses, Ex. 33, p. 78, in which we take m=1+1 and n=1. 
We find 


N(i,t) =C?#4+! — 207 | =C#/(i+1). 


The desired summation may be found by the aid of C. Smith, A Treatise 
on Algebra, pp. 410-411, with a=1, b=4, x =2, whence we have 


m 


> N(i,i)/4¢=1—C2m41 4m, 
i=1 


That the limit of this summation as m—+o is unity is shown in the 
same book, p. 424, Ex. 2. Our proof is thus completed. 

A negative answer must be given for the Proposer’s question. All 
that is shown is that a player is practically certain sooner or later to 
have been ahead at least once. That is not the same as winning unless 
one of the players has and uses the privilege of stopping the play as 
soon as he is one point ahead, while his opponent has not also that 
privilege. 


Editor’s Note. Making use of the relations 
N(t,h) =N(t—1,h)+N(4h-1), t>h 
N(m,m) = N(m,m—1), 
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which are evident from the above discussion, the proof of the following 
formulas is easy by induction: 


N(t,0)=1, N(t,1)=Cf-', N(t,2)=Cz7*-1, 
N(t,h) =C,"-!—Cfz3, n=t+h, 2<h<t. 
We then deduce 
N(m,m) = N(m,m —1) = C2™5? — C2? = C2"/(m+1) 


as found in the above solution. 


No. 405. Proposed by Robert C. Yates, Louisiana State University. 


Given the three distinct non-collinear points A, B, C. With the 
compasses alone, draw the circle inscribed to triangle ABC. 


Solution by D. L. MacKay, Evander Childs High School, New 
York, N. Y. 


By means of circles A(AC) and B(BC) obtain the symmetric C’ 
of C with respect to AB and draw circles C(CC’), C(CB), and C’(C’A), 
the third cutting the first in D and the second in S. The circle D(DC’) 
cuts circle C(CB) in W and circles A(SW) and B(SW) intersect in O, 
the circumcenter of ABC.* 

Now draw circles C(CO), O(AC), O(AB), O(AC) cutting circles 
A(SW) and C(CO) in G and H respectively and circle O(AB) cutting 
circles A(SW) and B(SW) in E and F respectively. Let U be one of 
the points of intersection of the equal circles H(HA) and D(DC), V 
one of the points of intersection of the equal circles F(F.A) and E(EB). 
The one or the other of the circles O(OU), G(OU’) will cut the circum- 
circle O in M and M’, midpoints of the arcs having AC as common 
chord. The one or the other of the circles E(OV), F(OV) will cut the 
circumcircle in N and N’, midpoints of the arcs subtended by AB. 
The circles M(MC) and N(NB) intersect at the incenter X. 

To obtain the radius of the incircle, we take the symmetric X’ of 
X with respect to BC and bisect XX’ by means of circles X’(X’X), 
X(XX’), intersecting at K, K(KX’) cutting X’(X’X) in J, J(JX’) 
intersecting X’(X’X) in X”, X’"(X"X) cutting X(XX’) in P, P(PX) 
cutting X’(X’X) in Q and Q(QX”) intersecting P(PX) in T, the point 
of tangency of the incircle with BC. The inscribed circle is X(XT). 

Essentially, this is the solution given by A. Q. Lanascol in his 
Géométrie Du Compas, 1925, p. 167. 


Also solved by Albert B. Farnell and Paul D. Thomas. 


*This implies that SW is the circumradius.—Eb. 
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No. 407. Proposed by Mathematics Club, Tulane University. 


Construct a square such that an interior point is distant 3, 4, and 
5 units from three of its vertices. 


Solution by D. L. MacKay, Evander Childs High School, New 
York, N. Y. 


Let X be the required point within the square ABCD whose 
vertices A, B, C, are on circles X(r,), X(%), X(r.), respectively. The 
problem then is to construct a triangle ABC similar to a given triangle 
A’B’C’ (here an isosceles right triangle) so that each of its vertices lies 
on one of three given concentric circles. 

If X’ is a point within triangle A’B’C’ homologous to X, then tri- 
angles A’B’X’ and A’C’X’ are respectively similar to triangles ABX 
and ACX and 


(A'X")/(BYX") =14/%; (AX) /(C'X") = 14/t.. 


Hence divide A’B’ internally and externally by D and E in the 
ratio 7,/7, and A’C’ by F and G in the ratio 7,/r,.. The intersection of 
the circles on DE and FG as diameters is the point X’. 

Take any point A on circle X(7,) and construct angles AXB and 
AXC equal respectively to angles A’X’B’ and A’X’C’ and obtain 
triangle ABC and thence the square ABCD. 

In the general case the second point of intersection of the circles 
of proportional distances furnishes a second solution and, as A, B, or 
C can be on the larger circle, we may have twelve solutions. 

G. Lamé treats the case of the equilateral triangle in his Examen 
des Methodes, 1818, p. 81. A solution of the general problem is given 
in Leybourne’s Mathematical Questions, 1817, Vol. 1, p. 160. 


Also solved by H. 7. R. Aude, W. B. Clarke, and P. D. Thomas. 


No. 408. Proposed by Howard D. Grossman, New York City. 





ae | log2 = ry3 
Prove “> * 3 + 9 
Solution by Morris Chernofsky, Yeshiva College, New York City. 
2 ee | pees 
4 7 10 : 
"dx 
eee fag (142) 
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sal ea an 4 
ae SS =F 

3 “4€<Cés 
log2 = ry/3 





3 9 
Also solved by William N. Huff. 


No. 409. Proposed by Paul D. Thomas, Southwestern State College, 
Oklahoma. 


Construct a triangle given the lengths of the median and internal 
bisector issued from the same vertex, and the angle between them. 

Solution by H. K. Humphrey, Winnetka, Illinois. 

Let AM be the given median, AH the bisector, and MAH the 
given angle. Draw MP perpendicular to WH intersecting AH extended 
inP. The circle whose center is on MP extended and passing through 
A and P is the circumcircle of the required triangle and cuts MH 
extended in Band C. Since MP is the perpendicular bisector of chord 
BC, it bisects arc BC (as does AHP) and thus ABC is the required 


triangle. 
Almost identical problems result if, for the median, bisector, 
and altitude, all issued from the same vertex, there be given: 


(a) the length of any one and the angles between it and the other 


two (3 cases); 
(b) the lengths of any two and the angle between either and the 


third (6 cases); 
(c) the lengths of all three. 


Also solved by Albert B. Farnell, D. L. MacKay, C. W. Trigg, 
Marian Wright, and the Proposer. 


No. 410. Proposed by V. Thébault, Tennie(France-Sarthé). 

In what system of numeration, with base less than 100, is the 
three-digit number 333 a perfect square? 

Solution by D. C. Binneweg, student, Colgate University. 

Let 6 be the base and x? the required square, obtaining 

x? =3b?+30+4+3. 
Solving this equation for 6 (using the denary scale) we have 
b= (—3++12x?—27) /6. 
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A necessary condition is that 12x*—27 be a perfect square, say y?. 
The least positive solution of y?=12x?—27 is (3,9), whence all solu- 
tions are given by 


y-+ay12 =(9+3y12)(7+2y12)*, k=0,1,2,---. 


k=0 yields b=1, which is of no use. k=1 yields the solution b=22. 
Since k=2 gives }=313, 22 is the only solution less than 100. 


Also solved by A. B. Farnell, C. W. Trigg, and the Proposer. 


PROPOSALS 


No. 430 Proposed by N. A. Court, University of Oklahoma. 


Four given spheres have a point E in common and intersect 
three by three in the points A’, B’, C’, D’. The chords EA’, EB’, 
EC’, ED’ common to triads of given spheres meet the respective fourth 
given sphere in the points A’’, B’, C’’, D’’. Prove that the segments 
A’'A”, B’B”, C’'C”, D’D” are twice as long as the altitudes of the 
tetrahedron formed by the centers of the given spheres. 


No. 431. Proposed by E. P. Starke, Rutgers University. 


Show that it is possible to find a number such that, if its digits 
be written down in order twice, a perfect square is formed. What is 
the smallest possible number of digits? 


No. 432. Proposed by Paul D. Thomas, Southeastern State College, 
Oklahoma. 


Three concurrent lines through the vertices of triangle ABC meet 
the respective sides BC, AC, AB in the points A’, B’, C’. Circles are 
described on the segments AA’, BB’, CC’ as diameters. The radical 
axis of the circle on AA’ with the circumcircle of ABC meets BC in P,. 
Similarly, using the other two circles with the circumcircle, points 
P, and P; are located on AC and AB. Prove that P;, P2, P; are colli- 
near. A synthetic proof is desired. 


No. 433. Proposed by D. L. MacKay, Evander Childs High School, 
New York. 


Given circle (O), tangents PA and PB, point C on OA such that 
BC=PB, and chord BD bisecting angle PBC. Prove that the pro- 
jection of BD on diameter AOE equals the radius of circle (0). 





i 
= 
% 
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No. 434. Proposed by Paul D. Thomas, Southeastern State College, 


Oklahoma. 
Given lim log >> a/x"=0. 
z—m n= 


Determine the relation between a and m. 


No. 435. Proposed by V. Thébault, Tennie (France-Sarthé). 


Given the tetrahedron ABCD and a point P. The lines PA, 
PB, PC, PD, cut the faces BCD, CDA, DAB, ABC, in A’, B’, C’, D’. 
Find the locus of points P such that the volume of A’B’C’D’ is constant. 


Discuss the case (A’B’C’D’) =3(ABCD). 





A member of the University of Chicago faculty for 32 years, Dr. 
Fred C. Koch was born in Chicago in 1876. He was graduated from high 
school in Oak Park, received the Bachelor’s degree in 1899 and the Mas- 
ter’s degree in 1900 from the University of Illinois. After two years as 
instructor in Chemistry at the University of Illinois he became a research 
chemist at Armour and Company. In 1909 he was appointed a fellow in 
bio-chemistry at the University of Chicago. He received the Ph.D. 
degree at the University in 1912, and became assistant professor of bio- 
chemistry in 1916, and professor and chairman of the department in 1924. 

Among Dr. Koch’s earlier investigations were the enzymes of the 
digestive tract: the gastric hormone, secretion, a hormone which influ- 
ences pancreatic secretion, and the thyroid hormone. More recently he 
has been active in the field of vitamin D. He was among the first investi- 
gators to show that ultra-violet light converts cholesteral, a very widely dis- 
distributed wax-like substance, into vitamin D. 

Dr. Koch’s writings have been voluminous. He is a member of a 
score of learned and professional societies, including the American Medical 
Association and the American Academy for the Advancement of Science. 
Dr. Koch will remain at the University as Frank P. Hixon distinguished 
service professor emeritus of bio-chemistry. 





Dr. Frederick S. Breed was born in Clarion County, Pa. He received 
the Bachelor’s degree at Allegheny college in 1898, the Master’s degree 
in 1905 and the Ph.D. degree in 1909 at Harvard university. He was ap- 
pointed assistant professor of education at the University of Chicago in 
1917 and became associate professor in 1926. 

Author of books on the teaching of spelling and mathematics, and 
classroom organization and management, Dr. Breed has published studies 
of classroom size and teaching efficiency, validity of tests, classification 
of pupils, and theory of instruction. He was chairman of the Committee on 
Spelling of the American Educational Research Association in 1930-39. 
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College Geometry. By Paul H. Daus. New York, Prentice-Hall, Inc., 1941. 
xv+200 pages. $2.50. 


As stated by the author in the preface, the purpose of the book “‘is to introduce the 
student to a wide and extensive body of synthetic geometry.’’ It seems to the reviewer 
that this purpose has been accomplished. In the wide range of materia! in the book 
most mathematics students should find something to interest and stimulate them. 
Students with a ready knowledge of their high school mathematics and trigonometry 
should be able to understand most of the theorems and do many of the exercises but, 
in general, a bit more mathematical maturity will be required for a complete under- 
standing of all theorems and a thorough mastery of all the exercises. (A key to the 
exercises is provided with the wise caution to the reader to use it sparingly.) 

The book is divided into the following eight chapters: 

Similar Figures. 
Concurrency and Collinearity 
Inversion. 
Other Transformations. 
Coaxal Circles. 
Notable Points and Circles Connected with a Triangle. 
Miquel Point and Simson Line. 
. Ruler and Compass Constructions. 

As one would expect from the chapter headings, such subjects are discussed as 
homothetic figures, theorems of Menelaus and Ceva, harmonic properties of the com- 
plete quadrangle and quadrilateral, the nine-point circle, Feuerbachs theorem, the 
problem of Apollonius, and many other famous problems and constructions associated 
with these. Interesting applications of inversion are made in proving Ptolemy’s theorem 
and its extension and in inverting the Miquel Configuration. Pertinent facts on the 
configuration of the centers of a triangle are obtained through the use of Ceva’s the- 
orem. The connections between harmonic division, inversion, orthogonal circles, 
poles and polars, and coaxal systems are given careful attention. 

The author has done well to emphasize the meaning and importance of necessary 
and sufficient conditions. Since many students may meet this terminology formally 
for the first time here it might have been well to give some homely illustrations of 
necessary and sufficient conditions. In theorems where special cases arise sufficient 
detailed explanation has been used to make the situation clear; e. g., the meaning of 
negative & in inversion, and the radical axis of two concentric circles. The need for 
postulating an ideal point is explained early in the text. Here too the exposition may 
be a bit too brief. 

There is a large number of exercises, 173 to be exact, many of which should stimu- 
late the student to independent reading and investigation. Drawings are good and not 
too numerous. The book should prove a valuable addition to the college text book 
literature of modern synthetic geometry. 


St ee ee ee 


University of Tennessee. J. A. COOLEY. 
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Mathematical Tables. By H. B. Dwight. New York, McGraw-Hill, 1941, 300 
pages. $2.50 


The collection of tables has been compiled by Professor Dwight, a teacher of 
Electrical Engineering at M. I. T., who has previously collected the Tables of Integrals 
and Other Mathematical Data. 

The tables include five-place tables for all six trigonometric functions and the 
logarithms of four of them with argument in hundredths of degrees; sine, cosine, and 
tangent of thousandths of radians; sin~!x, cos~‘x, and tan~!x to fou rdecimals with 
Ax=0.0001. The tables for 1m x, e”, e~”, sinh x, cosh x, tanh x, sinh~!x, cosh™!x, 
and tanh~!x are to four deciamsls with Ax=0.001. Wherever possible in these first 
tables, the differences are listed in the right-hand column for ready interpolation. 

Tables for advanced functions follow. These include the zonal harmonics, inter- 
polation coefficients, elliptic integrals, Bernoulli and Euler numbers, Gamma func- 
tion, Error function, Bessel functions, and Riemann-Zeta functions. 

These tables are being used so frequently in certain engineering curricula that 
their compilation in a single volume is most welcome. The printing is by the offset or 
lithoprint method, which should reduce the number of errors to a minimum. Ina few 
places in the advanced function tables there is too much reduction in size of print. 


North Carolina State College. JOHN W. CELL. 


Arithmetic in General Education. By Committee on Arithmetic National Council 
of Teachers of Mathematics, New York: Bureau of Publications, Teachers College, 
Columbia University, 1941. 335 pages. $1.25. 


Arithmetic in General Education is the final report of the Committee on Arith- 
metic of the National Council of Teachers of Mathematics and is presented as a com- 
panion volume to the Tenth Yearbook, The Teaching of Arithmetic. It consists of 
fifteen chapters written by as many different authors, with topics such as the following 
included: Arithmetic in the early grades from the point of view of interrelationships in the 
number system, A theory of instruction for the middle grades, Arithmetic in the senior 
high school, Subiect matter in relation to personality, Grade placement, What becomes of 
drill? The social phase of arithmetic, The enrichment of the arithmetic course, Evaluation 
of learning, Recent trends in learning theory, Interpretation of research. There is also a 
list of one hundred selected research studies related to educational practice, and another 
list of one hundred references dealing with the various phases of the problem of teach- 
ing arithmetic. 

Since arithmetic has been taught primarily in the elementary grades this volume 
is concerned primarily with elementary instruction. For this reason the readers of the 
NATIONAL MATHEMATICS MAGAZINE will probabiy be most interested in what Harry E. 
Benz has to say in the chapter devoted to Arithmetic in the Senior High School. He is 
of the opinion that the recent tendency to introduce arithmetic into the curriculum 
of the high school is a commendable one. He reviews history indicating that the sub- 
ject was formerly included in the college curriculum as a separate subject and was not 
then considered as a study only for children. He also discusses the advantages from 
the standpoint of mental maturity and from the standpoint of the new interest in and 
need for arithmetic which arises at the adolescent and adult level. Benz does not think 
that the introduction of arithmetic in the high school curriculum means necessarily 
the introduction of special courses but may only mean the incorporation of such ma- 
terials in other mathematics courses, in courses in other fields (economics, government, 
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home economics, industrial arts, et. al.), or in activities of a type which transcend the 
usual subject matter boundaries. This chapter attempts to review the type of arith- 
metic materials recommended for inclusion in high school, including (1) applications 
of the four fundamental processes to concrete situations, (2) the meaning of compu- 
tational processes, (3) applications of number theory to everyday experiences, and 
(4) materials introduced primarily to stimulate interest in the field of arithmetic. 

The report when viewed as a whole is not characterized by an entirely consistent 
point of view. In most instances the writer of a chapter has tried to mention impor- 
tant differences of opinion and then to give his own conclusions. These conclusions 
are not those of the entire Committee but of the individuals who wrote each chapter,— 
Benz, Bond, Brownell, Brueckner, Buckingham, Buswell, Grossnickle, McConnell, 
Morton, Sauble, Stretch Sueltz, Thiele, Wheat, and Wren. At a time when differ- 
ences in educational theory and practice are popular this presentation of differences 
and preservation of individuality is commendable. One has the feeling, however, that 
a greater measure of group writing might have resulted in a sharpening of issues and a 
more comprehensive discussion of some of the important problems without the eliminating 
of desirable differences in opinion. 

It must also be said that the different chapters do not seem to be equal in quality 
and particularly in their help to the reader in evaluating the newer trends in the field 
and in understanding the place of arithmetic in new patterns of the curriculum. Ina 
few chapters newer trends are ignored while ‘n others the treatment is too brief to be 
helpful. Original plans for the volume included contributions by two writers who 
were to stress these newer trends. The omission of materials by these authors is proba- 
bly responsible in part for the void. We are inclined to the opinion, however, that 
greater attention to these innovations should have been given in the chapters now 
included in the volume. 


Northwestern University. KENNETH L. HEATON. 


The Mathematics of Finance By L. R. Perkins and R. M. Perkins. John Wiley 
and Sons, Inc., New York, 1941. xx+321 pages. $3.25. 


This book is somewhat more comprehensive than many of the texts with similar 
titles. In a note to prospective users the authors state: ‘‘Experience with this text 
at Middlebury has shown that it is sufficient for a full-year. three-hour-per-week 
course with enough exercise material to insure that the assignments for two successive 
years shall contain very little duplication.”” Selections for a one-semester course are 
also suggested. 

Chapter headings are as follows: Foundations of Finance: Interest and Discount, 
Annually Paid Annuities, Annuities Paid in Installments, Paying Debts, Depreciation, 
Bonded Debts and Bonds as Investments, Building and Loan Associations, Choice; The 
Foundations of Probability, Probability, One of the Foundations of Life Annuities and 
Life Insurance, Life Annuities, Life Insurance. In addition, there is ‘‘a complete list 
of tables, some of them here published for the first time.” The list does not include 
logarithmic tables. There is an index, and answers are given after most of the probelms. 

Authors in this field of text books have not succeeded, it seems, in avoiding whole 
pages of formulas in the treatment of the general annuity. In the text under review, 
for example, pages 40-41 are likely to be rather dull to the reader who knows mathe- 
matics, and quite formidable to the student who is mathematically immature and lacks 
the knack of cutting through details to get at the essentials. The title of Chapter VIII 
geems unfortunate. Foundations of Probability connotes, to the reviewer at least, some 
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sort of axiomatic approach to the subject. What the authors mean is that the subject 
of probability is approached along the avenue of permutations and combinations. 

An attractive feature of the book is the emphasis on the principles of dated values 
and the use of diagrams as an effective teaching device. The chapter on Bonds is 
motivated by an introduction with a pleasant flavor of practicality. In fact, through- 
out the text attention is given to financial practice. The exposition is clear and the 
press work is very good. 


University of Wisconsin at Milwaukee. J. F KENNEY. 


Introduction to the Theory of Equations. By Nelson Bush Conkwright. Ginn and 
Company, Boston, 1941. viii+214 pages. $2.00. 


Although the author presupposes some knowledge of the calculus, this book can 
be taught satisfactorily to students not having such knowledge by making use of 
Appendix C. Estimated time required to complete the book if it is used as the basis 
for an advanced under-graduate course is from four and one-half to six months, three 
times a week. 

The chapter headings are: Complex Numbers; General Theorems on Algebraic 
Equations; Preliminary Examination of an Equation; Elementary Methods of Solution; 
Cubic and Quartic Equations; The Theorems of Sturm and Budan; Numerical Approxi- 
mation to the Roots; Determinants; Simultaneous Linear Equations; Symmetric Func- 
tions; Resultants, Discriminants, and Elimination; and The Grezffe Method. Also are 
included Appendices A and G on the Highest Common Factor, Unique Factorization, 
the Derivative and Taylor’s Series, Cube Roots, Special Cases of Homogeneous Linear 
Equations, Remarks on Elimination, and a Supplement to Horner’s Method. Answers 
are given to about half of the exercises. 

Points worthy of particular mention are: the grading of the exercises, from the easy 
to the more difficult; general remarks of interest, historical and otherwise, scattered 
throughout the book; the excellent discussion on numerical approximation to the 
roots, with a good selection of exercises and problems requiring the solution of trans- 
cendental equations; and the inclusion of the Greffe method for finding irrational 
roots, which, although somewhat tedious, nevertheless seems the best method for 
finding irrational imaginary roots of polynomial equations. 


North Carolina State College. C. G. MUMFORD. 


The Second Yearbook of Research and Statistical Methodology. By Oscar K. Buros, 
(ed). Highland Park N. J., The Gryphon Press, 1941. 383 pages. 


When Buros published the Nineteen Forty Mental Measurements Yearbook he 
omitted from it the section on research and statistical books which was included in 
earlier Yearbooks. This new volume of 383 pages, entitled Research and Statistical 
Methodology, is the substitute for this section in the earlier volume. 

In the preparation of the new publication the author selected the 359 books in 
the field of research and statistical methodology which have been published in English 
since 1932 (including publications in Australia, Belgium, Canada, China, England, 
Germany, Holland, India, Norway, Scotland, Sweden, Switzerland, Union of South 
Africa, and the United States). Books previously listed in Buros’ 1938 publication 
were included if new reviews have appeared since the earlier publication was prepared. 
Actually 234 books are listed for the first time and 125 titles are repeated. These 
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volumes are not limited to any one field of research but include specialized publications 
related to agriculture, anthrolopogy, biology and bacteriology, medicine and related 
professions, business and economics, education and psychology, political science and 
public administration, social sciences, and physical sciences, engineering, etc. 

After the list of books was prepared a search for reviews of these volumes was 
made and the critical portions from some 1652 of these reviews excerpted. This volume, 
therefore, includes the critical portions of all reviews which could be located for the 
359 volumes on research methodology. It also includes a directory and index of periodi- 
cals and publishers, and indexes of titles, names, and books. 

The author’s purposes in this ambitious undertaking are stated as follows: ‘‘(a) To 
make students and teachers of statistics more keenly aware of the inadequacy of much 
of what is now presented in textbooks and classes.... (b) To help students, teachers, 
and librarians to select textbooks with greater discrimination. (c) To point out to stu- 
dents and teachers the weak and strong points of particular books. (d) To assist 
more advanced students in keeping abreast of modern developments in monograph 
and textbook writing and criticism. (e) To encourage research workers to consider 
and examine methodology books intended for workers in other fields and also books 
on general history of science, scientific method, and the social relations of science. (f) To 
emphasize that there are usually marked differences of opinion even among the more 
advanced students of statistical theory in their appraisal of a particular book. (g) To 
indicate the vast extension of fields in which statistical techniques are being found 
useful.... (h) To discourage the writing and publication of stereotyped textbooks. ... 
(i) To make readily availabie important and provocative statements which, though 
appearing in book reviews, have considerable value entirely apart from a consideration 
of the book under review. (j) To improve the quality of reviews by stimulating editors 


to take greater pains to choose competent reviewers.... (k) To improve the quality 
of book reviews by stimulating reviewers ‘to take their responsibilities more seri- 
oumy’*....”” 


The effort is a commendable one and the publication will prove itself of great 
value. Its limitations are primarily the limitations of the reviews upon which it is 
based. There is every evidence that the quotations have been selected with a desire 
to give the reader an unbiased judgment of the volumes in question. If a clear evalua- 
tion of each of the volumes is not always given—and we feel that such clarity is often 
lacking—it would seem to be due to the uncritical character of the reviews themselves. 

Another defect in the volume could be easily corrected in forthcoming editions. 
The classified index does not seem to make it easy to locate volumes which have a 
bearing on a wide range of important topics. If the reader comes to the Yearbook to 
secure advice on a particular volume which he has in mind, then he turns easily to the 
pertinent section. If on the other hand he comes to gain information regarding the 
best books dealing with some particular method or problem of research without already 
knowing the titles of these books, he finds the topical index to be entirely inadequate. 

In spite of these two limitations we feel that the volume is an important addition 
to professional literature. Mr. Buros is deserving of both praise and gratitude for his 
accomplishment. 


Northwestern University. KENNETH L. HEATON. 
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LITERATURE RECEIVED BY THE EDITORIAL BOARD DURING 
THE PERIOD NOVEMBER, 1940 - NOVEMBER, 1941 


Announcement of the Project for the Computation of Mathematical Tables. Federal 
Works Agency. Works Projects Administration. Reprinted from the Bulletin of the 
American Mathematical Society. 3 pp. 


Brief Trigonometry. By Edward A. Cameron. Published by Reynal and Hitchcock, 
N. Y., 1941. 122+17 pages. 

British Association Mathematical Tables. (Vol. 9) ‘‘Table of Powers”’ giving integral 
Powers of Integers. Initiated by J. W. L. Glaisher. Extended by W. G. Bickley, C. E. 
Givyther, J. C. P. Miller, E. J. Ternouth on behalf of the Committee for the Calculation 
of Mathematical Tables. Published by the British Assoc. at the University Press, 
Cambridge, England. Macmillan Co., N. Y., 1940. $4.25. 


Calculus (Part I). By H. B. Phillips. Published by Lew A. Cummings Co., Cam- 
bridge, Mass., 1940. 


College Geometry. By Paul H. Daus. Published by Prentice-Hall, Inc., N. Y., 
1940. $2.50. 200 Pages. 

A First Year of College Mathematics. By Henry J. Miles. Published by John Wiley 
and Sons, Inc., N. Y., 1941. $3.00. 607 pages. 

Galots Lectures. By J. Douglas, P. Franklin, C. J. Keyser, L. Infeld. Published by 
the Morrell Press, Fulton, N. Y., 1941. $1.25. 124 pages. 


Generalized Derivatives and Approximation by Polynomials. By W. E. Sewell. 
Reprint from Transactions of the American Mathematical Society. Vol. 41, No. 1, pp. 
84-123, January 1937. 

Hankel and Other Extensions of Dirichlet’s Sertes. By R. E. Greenwood. Reprinted 
from Annals of Mathematics. Vol. 42, No. 3, pp. 778-805. July, 1941. 


__ Introduction to Algebraic Theories. By A. Adrian Albert. Published by the Univer- 
sity of Chicago Press, Chicago, 1941. $1.75. 

A Mathemattcian’s Apology. By G. H. Hardy. Published by the Cambridge 
University Press, or the Macmillan Co., N. Y., 1940. $1.00. 94 pp. 


Note on Use of Matrices in Solving Linear Diophantine Equations. By H. A. Sim- 
mons. Extracted from The Tohéku Mathematical Journal, Vol. 48, Part I, pp. 71-74. 
May 1941. 

The Proceedings of the Louisiana Academy of Sciences. Published by the Louisiana 
Academy of Sciences. Vol. V., No. 1., August, 1941. 72 pages. 


Remarks on Temples Trigonometric and Hyperbolic Analogies. By H. A. Simmons. 
Reprinted from National Mathematics Magazine, Vol. XIV, No. 8, 4 pages. May, 1940. 


Research Publications. Illinois Institute of Technology, Mathematics, Vol., No. 1, 
May, 1941. 116 pages. 


Sufficient Conditions for Various Degrees of Approximation by Polynomials. By J. L. 
Walsh and W. E. Sewell. Reprinted from Duke Mathematical Journal, Vol. VI, No. 3, 
September, 1940. 

Teoria de las Cuatro Operaciones Fundamentales. By Federico E. Carou. Published 
by ‘El Ateneo’ Libreria Cientifica Y Literaria, Buenos Aires, 1936. 312 pp. 

__ The Theory and Applications of Harmonic Integrals. By W. V. D. Hodge. Pub- 
lished by Macmillan Co., N. Y., 1941. $4.50. 281 pages. 

_ Vocational Choices of Students from Cities, Towns, and Farms. By E. Donald 
Sisson. Studies from the Freshman Division, College of Arts and Sciences, L. S. U., 
No. 5, Oct. 7, 1941. 4 pages. 
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